Mét sé chuyén d& bai tap Danh cho hoc sinh chuyén Toan
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CHUONG I: BAT PANG THUC

1990

1. (Russia 1991). Cho »"| — X A Eet X
i=1

n
|5, = S| +|S, = Sy + -+ [S1900 — 1001 -

=1991. Pit s, . Tim gia tri nho nhét cua

i+1

HD:
bit M = |S1 —52|+|52 —53|+---+|51990 _31991| :

i+1 i i i

zxk Zxk iXi+1_ZXk k(Xk+l_Xk)
vV 1<i<1990 taco: s, —§ =*L——KkL = kL kil :
i+1 i i(i+1) i(i+1)
z k |Xk+1 - Xk|
k=1
1SS i(i+1)
Cho i chay tir 1 dén 1990, ta thu duge 1990 bat dang thirc va cong chiing lai, ta co:

Suy ra: |s,

1990 1990 ; k |Xk+1 Xk | 1990 1990 1
I IE 3 e L oty S

i=1
1990

S 1 1990 1220
Z[ 1991)"(”1 XJSZ@‘@) 1=K = Tgg7 2ol =] =1990.

=1 i=1

2. (United Kingdom 1992). Cho X, Y, z,w > 0. Chtrng minh: 12 < ! §§(£+l+£+£j
X+y+z+W Gax+y 4(x Yy z w

HD:
Ap dung bét dang thirc Cauchy Schwarz, ta co:

1 62 12 3(1 1 1 1
;x+y_2(x+y) X+Y+Z+W ’ Syzmx+y Syzm(M 4yj 4[x+y+z+wj

sym

3. ( Italia 1993). Cho a,b,c €[0;1]. Ching minh: a’+b?+c* <a’h+b’*c+c’a+1.
HD:

Bét dang thic can chirng minh tuong duong véi: @’ (1-b)+b®(1-c)+c*(1-a)<1.

Vi a,b,c [0;1] nén ta co:

a’(1-b)+b*(1-c)+c*(1-a)<a(l-b)+b(1-c)+c(1-a)=(a—-1)(b-1)(c—1)+1-abc<1.
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2 3 n

4. (Poland 1994). Cho ne N". Tim gid tri nho nhét cua biéu thuc: X, +X?2+X—33+...+X—” biét rang:
n

T T Y S | 1
X Xy ,..ry X, >0 thoa mén diéu ki¢n: —+—+...+—=n.
X X X

n

HD:
fe X ; A, 3% . k XE k-1
Véimdi n>k =1, &p dung bét dang thirc AM-GM ta dugc: X +(k —1).1> kx, :?2 X ==
Cho k chay tir 1 dén n ta thu dwoc n bat ddng thirc va cong chung lai voi nhau:
+X—22+X—§+ +X—:>( + X, ot X )= 1,40t (1)
x123...n_><12...r,2...n
2
Mat khac, theo AM-GM thi X, + X, +...+ X, > 1 1n =N (2)
S+
X X% X,
2 3 n
Tur (1) va (2) ta thu duoc: X1+X—+X3+ +X—”21+£+...+£.
2 3 n 2 n
Déu "=" xdy ra<> X, =X, =...= X, =1.

5. (India 1995). Cho x,,X,,...,

X, —

X1 <1 va X >1 véi moi

i=12,..,n (X,,=%). Ching minh ring: KXy v Mconaa,
XZ X3 Xl
HD:
Do XX X _1 nen 3 chisé k sao cho <1 (1)
XZ X3 Xl Xk+1
Tur gid thiét=> x, <X, +1<2X,, = —— A ovi 2

i+1
Tu (1) va (2) ta suy ra: A%, 5 zi i<2(n—1)+1:2n—1.
X2 X3 Xl i=k X|+1 Xk+1

6. (Romania 1996). Cho X, X,,.. >0 théda man: X, + X, +...+ X, =X,

" n’ n+1

Chirng minh rang; ZJ X1 — Z:Xn+1 1 i

HD:

n

n
Ta co: z Xn1 (Xn+l - Xi = n+1 — X X = n 1 n+1'
i=1 i=1

Bt dang thirc d4 cho dugc viét lai dudi dang:

n
i=1
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Ap dung bét dang thirc AM-GM ta thiy: 1= %4‘ >

7. (Iran 1997). Cho X, X,, X;, X, >0 thoa min: x,x,x,x, =1. Chig minh rang:

3 .3 .3 .3 1 1 1 1
X, X+ X5 X, 2 Maxq X + X, + Xy + X, —+—+—+—¢.
X, X5 X,

HD:
Ap dung bat dang thirc AM-GM véi mdi i taco: x* +1+1>3x, .
Suy ra: X} + X5 4+ X3+ Xg +8> (X, + X, + X + X, ) +3(X + X, + X+ X,)

> X+ Xy + Xy + X, + 24X XXX, =X + X, + X, + X, +8
SR AR A X ZX AKXy + X+ X,
Lai 4p dung bét dang thirc AM-GM ta co:

1

3 3 3 3 _ = 3 3 3 3 3 3 3 3 3 3 3 3
x1+x2+x3+x4_3[(x1 +x2+x3)+(x2+x3+x4)+(x1 +x3+x4)+(x1+x2+x4)]
1 1 1 1

21(3§/X13X§X33 +33EX + 33N +3€/xfxfx§):_+_+_+__
3 X, X X X

Déau "="xdy ra<> X, =X, = X, = X, =1.
1 1 1
+ ot = .
x, +1998  x,+1998 " x +1998 1998

8. (Vietnam 1998). Cho n>2 va x,X,,..., X, >0 thoa man:

V%% 5 1908,

Chirng minh:

HD:
Véimdi i (L<i<n), sk dung bat ding thirc AM-GM, ta co:

. _ - +1998)""
% B S N (AL ) M
1998(x +1998) 1998 x 1998 {7x,+1998 " [TT(x, +1998) TT(x, +1998)
ji i
Cho i chay tir 1 dén n, ta s& thu dwoc n bat dang thuc va nhan chdng lai v6i nhau ta duoc dpem.
Diu "="xdy ra < X, =X, =...= X, =1998(n-1).
1 1 1 <1

9. (Korea 1999). Cho a,b,c >0 thoa abc >1. Chirng minh: Tt Tt — =<
a+b"+c* a'+b+c’ a"+b"+c

HD:
Str dung bét ding thirc AM-GM cling véi gia thiét abc >1 ta duoc:

3b*+c* b*+3c’ b*+c? 1 a
b*+c¢* = + >he(b® +¢%) > =S
4 £ a a+b’+c* a’+b"+c
Lam tuong tu cho hai s6 hang con lai ¢ vé trai cta bat dang thirc can chirng minh. Sau do, cong vé theo vé
1 1 a+b+c

cla cac bit dang thic ta duoc: + + < .
a+b*+c* a*+b+c* a*+b*+c at+b’*+c?
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Mat khac, theo bat dang thirc Cauchy Schwarz va AM-GM thi 2a+ bz+ ¢ > < 3 < L <1.
a~+b°+c® a+b+c <Jabc

1 1 1
Va + + <1.
+ a+b*+c* a‘+b+c* a*+b*+c

3 3

10. ( Singapore 2000). Cho a,b,c,d >0 thoa min ¢*+d* = (a2 + bz)s. Chtrng minh %+% >1.

HD:
Ap dung véi bat ding thirc Cauchy Schwarz va két hop véi gia thiét bai toan ta co:

(2 o= [ [y o7

2[\/%73.\/5+ %3\/@} =(a2+b2)=\/(a2+b2)(cz+d2) >ac+bd.

Suy ra diéu phai chirng minh.
11. (Belarus 2001). Cho X,,%,, %, € [-L,1] va v,Y,, Y, €[0;1). Tim gia tri 16n nhét cta bicu thirc:
1-x, 1-x, 1-x
1- X2 Y3 .1_ X3Y1 .1_ XY, .

HD:
Vil-xy,=(1-%)y,+(1-y,)>0 ; 1+x >0 va 1-y, >0 néntaco:

I-x 2 _ (+x)(-y) <0m0<ih 2 oo
1-xy, 14y,  (1+Y,)(1-xy,) 1-xy, 1+y,
1% (o g 17X
1_X3Y1 1_X1YZ
1-x, _1_X2 . 1-x, _ 1-x, ll—xz ll—xs <8
1_X2y3 1_X3Y1 1_X1yz 1_X1y2 1_X2y3 1_X3y1

D& thay diu "=" c6 thé xay ra chang han liy X\ =X =X==-1,y =Y,=Y,=0.
Vay 8 1 gié tri 16n nhit cua bai toan.

12. (China 2002). Cho (P, P,,...P,) (n>2) 1a mot hoan vi bat ki cia (1,2,...,n).

yroey Iy

<2.

Tuong tu ta ciing chirng minh dugc 0<

Suy ra:

, . N 1 1 n-1
Chirng minh rang: + +..+ > :
P+P, P +PR P,+P, n+2
HD:
bat A= ! ! !

+ TR
P1+P2 P2+P3 Pn—1+Pn
Ap dung bét dang thirc Cauchy Schwarz ta co:

As (n-1)°
~ (R+PR)+(P,+P)+...+(P,+P)

_ (n-1)° _ (n-1)°

2(R+P,+..+P)-P—-P, 2(1+2+..+n)-R-P,
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2 2 2 2
__ (n-7) N (n-1”  _ (n-1 N (n—-1) _n-1
n(n+1)-P-P, n(n+1)-1-2 (n-1)(n+2)-1 (n-1)(n+2) n+2
sina.sin(a—b).sin(a-c)
sin(b+c)

>0.

13. (USA 2003). Cho a,b,cG(O;%) Chung minh ring: Y
HD:

bat x=sina,y =sinb,z=sinc. Khido x,y,z>0.

DE thay sina.sin(a—b).sin(a—c).sin(a+b).sin(a+c)= x(x2 - yz)(x2 - zz).

Can chimg minh: Z:X(Xz—yz)(x2 —22)20 ?

Dat x=+u, y =+, z =+/w . Bét déng thirc thanh: Z\/U (u-v)(u-w)=0 ding theo bat dang thirc Schur.

a,b,c>0 N

14. (Japan 2004). Cho 79 Chimg minh ring: 113, 1D 1+¢ 2[E+E+Ej.
at+b+c=1 l-a 1 b 1 Cc a b c

HD:

Ta cb: l+a_(atb+c)+a _2a 1

1-a (a+b+c)-a b+c
Bat dang thic cAn ching minh tuwong duong véi: Z(Z—b—z—bj 3@2 be >§
c+a a(c+a) 2

-y b?c? 2(ab+bc+ca)2
c+a) abc(c+a) 2abc(a+b+c)

Str dung bt ding thirc Cauchy Schwarz ta co: z = g :

95
15. (Taiwan 2005). Cho a,,a,,...,a, > 0. Chimg minh: Zak <94+ [max{La,}.

k=1 k=1

HD:
95 95 95

95
bit b=max{a,,1} thitaco: [ [max{la }=]]b va [Ja <]]b -

k=1 k=1 k=1 k=1
95 95
Can chiing minh: z b, <94+ H b, ?
k=1 k=1
95 95
That vay, > b <94+][b < (1-b)(1-b,)+(1-bb,)(1-b;)+...+ (1-bjb,..by, ) (1-hbys ) 2 0, hin nhién
k=1 k=1

dang vi b, >1 Yk =1,2,...,95.

16. (Bulgaria 2006). Cho b®+b <a—a®. Tim gia tri 16n nhit cua a+b .
HD:

Dit a+b=c. Tu gia thiét, ta co: (c—a)3+(c—a)£a—a3c>3ca2—(3cz+2)a+c?’+c£0.
4 N 3R 3o , \ , A r 4
Néu ¢ > 0 thi dé dang thirc nay diing, ta can c6 A>0 < 4-3c¢* 20©C££.

3’ +2

Déu "=" xay ra khi a la nghiém kép ctia phuwong trinh bac hai tuong tng ( cu thé a= ). Do d6 gia tri

. . _ [a
I6n nhat cua tong a+b la: £ .
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17. (Austria 2007). Cho 0 < Xy, X;,..., Xge <1 la cac so thuc khac nhau tirng d6i mot. Chirng minh rang ton tai

)saocho 0<xx; (% —%;)<

ca sé( 1
P 2007

i1
668
HD: Khdng mét tinh tong quat, gid sir 0 < X, < X, <...< Xgo <1. Dt S = z X1 X (X — Xi) .

i=0

Ap dung bat dang thirc AM-GM, ta co:

S= % X|+1X Xig— i %(%j (Xi+1 =X ) = %f(xlﬂ - X + X|+1X X|+1Xi2)

i=0 i=0

_:|.6683 N N - 118
_Z Z(X”l_xi)—i—Z(XiﬂXi_Xi+1Xi) —Z(Xeeg_xo‘i' )<Z( + )

i=0 i=0

Suyra: S< % Goi XX (X,. — X ) 12 s hang nhé nhat trong 669 s6 hang ctia S thi theo déanh gid trén, ta

1 1
co: §>S2669xk+1(xk+1—xk):>0<xk+1(xk+1—xk) %:m ( dpcm).
18. (Indonesia 2008). Cho s6 tu nhién n >3 va c4c s6 thuc X, X,,...,x, >1. Ching minh ring:
X% 445k XK s g,
X, —1 -1 x,-1
HD:
Ap dung bat dang thire AM-GM ta duoc:
X].XZ ++ Xn—lxn anl 2 2X1X2 _|_ 2anlxn + anxl
X, —1 -1 x,-1 x3+4_1 x1+4_1 x2+4_1
4 4 4
Totn B0 s ang| 202 Sotke 2R g
XZ X3 Xl XZ

Dau "="xdy ra < X, = X,

19. (Moldova 2009). Cho x,Y,z e[ } va a,b,c 1a mot hoan vi tlly y ctia chung. Ching minh ring:

60a*-1 60b° -1 N 60c® -1

+ >12.
4xy+5z 4yz+5x 4zX+5y

HD:
Do x, yeB } nén (x-2)(2y-1)+(y—-2)(2x-1)<0=4xy <5(x+y)-

60a’ -1 S 60a’ -1

Do 60a”—1>0 nén > :
4xy+5z 5(x+y+z)-4

Thiét 1ap hai bat ding thuc tuong tu nhu thé va rdi cong vé theo vé ba bat dang thirc nay ta duogc:
60a°-1 60b°-1 60c*-1_60(a’+b’+C’)-3
4xy +57 4yz+5x 4zx+5y 5(x+y+z)-4

Ta chi can chimg minh: 20(a’ +b? +¢*)-1>20(x+y+2)-16 ?

Do a?+b?+c? = x> + y* + 2% nén bét ding thirc ndy twong duong véi:
20(X* +y* +2°)-20(x+y+2)+15> 0 5(2x-1)  +5(2y -1)° +5(2z-1)° > 0, ludn dung.
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Mot s6 chuyén dé bai tap Danh cho hoc sinh chuyén Toan
1
Xay ra <:>x:y:z:5.

Dau

20. ChO X, Xy, X015 € (0;1) . Chitg minh ring: 24X %,... X0y, +28(1=% ) (1= %, )...(1= Xpgy) <1
HD:
bé y rang

P4 x < ¥Ix voi xe(0;1).

Nhu vay: 2Ol\l/xlxz...x2012 <% X Xy (1 %) (1%, ) e (1= gy ) <212 ) (1= %, ) e (1= X0, )

X, + X, + o4 X0,
2012

L ) < ) k) (1) < ) (),
Suy ra: 2(Jlgj/m+201\1/(1—x1)(1—xz)...(l— Xo02) <1.

21. Gia st phuong trinh x* +mx® +2x% + nx+1=0 c6 it nhat mot nghiém thyc. Chimg minh m? +n? >8.
HD:

Ap dung bat dang thirc AM-GM, ta co: 201\J/X1X Koggp < 201\/X1X Xpo12 <

(x“+2x2+1)2

22. Cho x,y >0 thoa min: x* +y* = x—y. Chirng minh rang: x> +4y?*<1.

HD:

Ta co: (x3+y3)(1—x2—4y2)=(x3+y3)—(x3 y )(x2+4y2)=x3+y3—(x—y)(x2+4y2)
>0

Ap dung bat dang thirc Cauchy- Schwarz ta c6: m* +n® > 28 ..o (X2 —1)4 >0 ludn dang.

=2013. Tim gid tri 16n nhit cua biéu thic:

IR S S
2a+b+c a+2b+c a+b+2c

HD:

Ap dung bit ding thic AM-GM , ta ¢6: 4xy <(x+y)’ < ! §1(£+£j
X+y 4{(x vy

Déu “=" xdy rakhi x=y.

) 1 10 1 1 111/1 1) 1(1 1 11 1 1
Ta co: <= + S—|—=|—+=|+=| =+ ||=2| —F+t=—+—
2a+b+c 4(a+b a+cj 4{4(a b} 4(a cﬂ 8[a 2b ZCJ

1 1[1 1 1) 1 1(1 1 1j
Tuong ty: ——<—| —+—+—|, —————<—| —+—+—
a+2b+c 8\2a b 2c at+b+2c 8\2a 2b ¢

Cong vé theo vé cua ba bét dang thic trén ta duogc:
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P<:1(1 }_ 1) 2013.
4 a b c 4

3b ab
+

+ <a’+b%+
b+1 a+1 a+b

24.Cho a,b,c la cac s6 duong thoa min ab+a+b =3. Chimg minh ring:

HD:
Tir gia thiét a,b >0 va ab+a+b =3 tasuy ra ba diéu sau day:
a+b)’ a+b>2
(D3:ab+a+b££——j—+a+b:4a+bf+4(a+@—1220:>
4 a+b<-6

a+b <—6 khong xay ra. Vithé a+b>2 (1)
(i) ab+a+b= 3:>J%L+l——§—:>J%L:_1+_§_ 2)
a+b a+b a+b a+b

(iii) ab+a+b=3=a(b+1)+b+1=4=(a+1)(b+1)=4 (3)
Sir dung (2),(3) dé bién doi bat déng thirc can chimg minh ta dugc:

a? b2 4 3 3a 3b ab 3aa+1+3bb+1+ 3
2 b+1 a+1 a+b 4 4 a+b

3/ 2 .2\ 3 3
=—(a +b )+—(a+b)+—————l

4 4 a+b

12
Hay 4(a?+b%)+6>3(a?+b?)+3(a+b)+—-4
@a2+b223(a+b)+£—1o (4).
a+b

2
L, a+b C 4 e
Pé yrang a® +b% > % nén (4) s¢ dugc chirng minh néu bat dang thirc sau 1a dung:

2
(a+b)” | 3(a+b)+a1—+2b—1o 5).

Pit a+b=s. Tir gia thiét va (1) ta suy ra: ab<1. Khi d6 bit dang thic (5) tré thanh:
s? —6s—%+2020©(s—2)(52 ~45+12)>0 ¥s>2 (ludn ding).

Déu “=” xdy rakhi s=2<a=b=1.

n +1

25. Cho sb nguyén n (n>2) va hai s thyc khong 4m x, y .Chimg minh \/X +y" > y™  Déau

“=" xay ra khi nao?
HD:
+ Néu x=0 hodc y =0 thi bat dang thirc ludn ding.
+ Xét truong hop x>0,y >0.
Vai tro ciia X, y nhu nhau trong bat dang thirc can chirng minh nén khéng giam tinh tong quét c6 thé gia
S X>VY.
Bat dang thirc d4 cho tuong duong voi:

Al - T
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(] )

n n+l
Tacé:0<l£1:>0<(lj 2(lj .
X X X

s 12 <[ (T oL T oo (]

69

Trong trudng hop X,y >0, bt dang thirc khong c6 diu xay ra. Vay ddu “=" chi xay ra khi x =0 hoic
y=0.
26. Cho x, Y,z la cac sé duong. Tim gié tri nho nhat cia biéu thirc:

P :3/4(x3+ y‘°’)+§/4(y3+23)+§/4(23+x3)+2(12+212+éj.

y

HD:
Véi x,y,z >0 taludn co:

a) 4(x3+y3)2(x+y)3. Déu “=" xay ra khi va chi khi x=y.

b) 4(y°+2°)=(y+2)". Dau “=" xay ra khi va chi khi y=z.

¢) 4(z°+x*)2(z+x)’. Déu “=" xay ra khi va chi khi z = x.

Ta chirng minh a). Viéc chirng minh b) va c) 1a hoan toan tuong ty nhu viéc chirng minh a).

Taco: a) < 4(x+y)(x* —xy+y?) 2 (x+ y) < 4(xX —xy+ y? )z (x+ y)’
c>3(x2+y2—2xy)20c>3(x—y)220.

Bt dang thic a) c6 dau “=" xay ra khi va chi khi x =y.

Khi d6: §/4(x3+y3)+§/4(y3+23)+§/4(23+x3) >2(X+y+2)=63xyz .

Lai co: 2(12+l+izjz
y

. Dau “=" xay ra khi va chi khi x=y=1z.

2

z° X 3Ixyz

Suyra: P>6| 3/xyz + ! >12.
3/xyz

% q xyz =1
Dau “=” xay ra< S Xx=y=z=1.
X=y=12

27. Cho a, b, ¢ la cac s6 thuc thoa min a+b+c=3. Tim gid tri nho nhit cua biéu

thite M =42 +99 +16° +/02 +16P + 46 + 162 +4° 4+ 9° |
HD:
bt l]=(Za;Sb;4C),\7=(2C;3a;4b),W=(2b;3°;4a):> M :‘G‘+M+W

M 2‘6+\7+W‘=\/(2a+2b+20)2+(3a+3b+3c)2+(4a+4b+4°)2

Ap dung bét dang thirc Cauchy ta co: 22 1 2b 4 20 > gypatbic _g
32 +3° 43¢ > 33324040 — 9 43 1 4P 4 4° > 4R/43+D*C _16.
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Vay M >3429. Dau bang xay rakhi a=b=c=1.

xyz(x+ y+z+«/x2+y2+zz) 3443
<

(X +y*+2)(xy+yz+2x) 9

28. Cho X, Y,z >0. Ching minh ring:

HD:
Ap dung bét dang thirc Cauchy-Schwarz ta co:

(1.x+1.y+1.z)2§3(x2+y2+zz)jx+y+2£\/§. /X2+y2+z_z .

Talaico: x>+ y* +2° >33 (xyz)2 Va Xy + Yz + zx > 33 (xyz)2 :

xyz(x+ Y+ Z+4/X +y2+zz)< xyz(1+\/§)q/x2 +y'+zt

Do d6 5 < =
(X +y?+2°)(xy + yz + 2x) (X2+yz+zz)_33(xyz)2
:1+\/§ 3 xyz <1+\/§_3+\/§
3 Sxryiiz? W3 9
S a b 3c
29. Cho a,b,c>0 thoa ab+bc+ca=1. Chu h rang: + + <+10.
oa ng minh rang ra 10 \/]? \/_
HD:

bat a=tana, b=tan g, c=tany voi a,ﬁ,ye(o;%)

Theo gia thiét ab+bc+ca=1< tanatan §+tan ftany +tany tana =1
_fana+tany

tan,B_l—tanatan;/

o cotf=tan(a+y) <cos(a+pf+y)=0 (1)

< (tana+tany).tan f=1-tany tana <

Vi a,ﬁ,ye[O;%j nén a+,8+;/e[0;37ﬂj.Dodé (l)c>a+,3+7/=%.

Bt dang thirc can ching minh twong dwong véi: sin2a +sin28 +6siny < 2410 @)
VT (2)=2sin(a + ) .cos(a — B)+6siny = 2sin (%—yj.cos(a —B)+6siny

= 2003y.cos(a—ﬁ)+6siny£\/[40032 (= B)+6](cos’y +sin’y) </4+36 = 24/10.
X (x+7y)+y?(y+7x)
\/x4y2+x2y4

30. Cho X,y >0. Tim gié tri nho nhit cta biéu thirc: A=
HD: o

Ap dung bat dang thitc AM-GM ta co:
xz(x+7y)+y2(y+7x):x3+y3+7xy(x+y):(x+y)s+4xy(x+y)24\/x_y(x+y)2

2
Iy ey = |2 faxy (x +y?) < | Ky r2xy 9 (x+y)
2 N2 2 22
qu ra: A>82.
Dau "=" xay ra khi va chikhi x=y.

Vay min A=8V2.

Vin Phi Quéc, GV. Truwong THPT chuyén Nguyén Binh Khiém, tinh Quang Nam
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Mét sé chuyén d& bai tap Danh cho hoc sinh chuyén Toan

\ 7 X i ~ l e =z c 17 A 5 <R I
31. Cho a,b,c la c&c so duong théa mén a+b+c= > Tinh gi& tri 16n nhat cta biéu thirc:

P:\/ (a+b)(b+c) +\/ (b+c)(a+c) +\/ (a+c)(a+b)

(a+b)(b+c)+a+c \(b+c)(a+c)+a+b \(a+c)(a+b)+b+c

HD:
bat x=a+b, y=b+c, z=a+c.Suyra: x+y+z=2(a+b+c)=1.

Khidé:P:\/ Xy +\/ yz +\/ .
xy+z \yz+x \zx+y

Taco: —Y = Xy - Xy oy x Yy A x Ly )
Xy+z xy+z(x+y+z) (x+z)(y+2) Xy +2 X+Z y+z 2\ Xx+7 y+1z

Chirng minh tuong tu ta dugc: yz Si y + . ; X Si i+L.
yz+Xx 2\y+Xx z+X IX+y 2\z+Yy X4y

A A A 7 A < , A 3
Cong ve theo vé cac bat dang thure trén ta duge: P < 2

Déu "=" xay ra khi va chikhi a=b=c =%.

Vay maxPzg khia=b=c==.

(1—«/tanatan,6)

32. Cho a, B la céc gc nhon. Tim gié tri 16n nhit cta biéu thirc P =
cota +cot S

HD:
Ap dung bét dang thire AM-GM ta co:

(1—«/tana tan ﬁ) 1

2
2jootacotp  4° tanatanﬁ'(l_\/ta”“ta”ﬁ)-(l—x/tanatanﬁ)SE.

P<

X2 +y?+22°
Xy+vyz

33. Cho X, Y,z >0. Tim gia tri nho nhat coia A=
HD:

) )

X—= =Y | +2| 2—,|=Y

. 8 3 6 X 1 : 8 .. 2 1
Taco: A— 5: >0. Dé dang suy ra MinA = 3 khi x = Eyva Z= gy.

Xy +yz

34. Tim gié trj 16n nht, nho nhit ctia ham sé: f (x) = x( 2012++/2014-x" ) trén mién xéc dinh cia no.
HD:

Diéu kién: —/2014 < x <+/2014 .

Ap dung lan luot co béat dang thirc Cauchy-Schwarz va AM-GM ta co:

2 2
£ (x)]=[|(v20124/2012 +1/2014~ ¢* ) <|x|/2013 2012+ 2014 - X* < 2013.% — 201342013

Suy ra: —2013v2013 < f (X) <2013v2013.
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Mét sé chuyén d& bai tap Danh cho hoc sinh chuyén Toan

D& dang kiém tra dugc: f (\/2013) =2013/2013; f (—\/2013) = -2013+/2013.

bva . cvb . avc o1
4bJc—cva 4ca-avb davb-bve
bva a

>
4bc—ca  a+b+c
Dé dang suy ta dugc dicu phai chirng minh.

35. Cho a,b,c €(1;2). Ching minh:

HD: Chting minh: & ... (a+b)(b+c)>4bvac Iuon ding.

36. Cho x,y,z >0 thoa mén: xﬁ+yﬁ+zﬁ <1.Timgiatri 16n nhat cia S =x+y+z.
HD:

Ap dung bét dang thirc Bernoulli ta cé: x*?

P4 (V2-1)=vax sy (V2 -1) 22y s 27+ (V2-1) = Ve

Cong vé theo vé ba bat dang thirc ndy va sir dung gia thiét x4y 17 <1 tasuyra MinS =3-+/2.
37. Cho a,b,c,d >0. Tim gié tri nho nhat cia biéu thirc:

) (i) (i) )
S = + + + .
b+c+d c+d+a d+a+b a+b+c

a b c d
+ + +
b+c+d c+d+a d+a+b a+b+c
Giai tuong tu nhu bai 36 va sur dung bo de trén.
38. Cho f(x) laham 16i trén [0;a]. Gid sir X;,X,,...,X, €[0;a] sao cho X, +X, +...+x, €[0;a]. Ching minh
rang: f(x)+f(X,)+..+ f (%)< f(X+%+..+%)+(n-1)f(0).
HD:

HD:

Ching minh b dé: 2% ?

n
bat S = z X; . Sir dung bat dang thuc Jensen ta c6:
i=1
Xi

v&imoi i =1,n taco: f(xi)=f(S S+S_Xi

.Ojs%.f(S)Jr K1(0).

M:
X
—~
>
[BEN
~—
w
>
A
—
7~ N\

suyra: 3 F (x) <2 (8)+ VB NIE jxij+(n_1)f(o).

=) S

a’ b c a“ +b* +c*
+ + .

b+c c+a a+b a+b+c

b+c<a+c<a+b

HD: Khong mat tinh tong quat, gid st a>b>c>0=>7 ¢  pe ¢
> >

b+c c+a a+b

Str dung bét ding thirc Chebyshev cho 2 ddy don diéu nguoc chiéu ta co:
3(a“ +b* +c” )
>

1 a’ b* c”
2(a+b+c)'(b+c+c+a+a+bj[(b+c)+(c+a)+(a+b)} 2(a+b+c)

\%

39. Cho a,b,c>0 va a € Z". Chitng minh: g

a+f a+f a+f a a a
ey Ay af+ay 4. +ay

al +al +..+a’ n

40. Cho a,a,,...,a, >0 vahai sb a, B >0. Chirng minh réng:

HD:
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M6t s6 chuyén dé bai tap Danh cho hoc sinh chuyén Toan
O<a<a) <..<a;
{0<af <al<.<al
Ap dung bit dang thirc Chebyshev ta co:
n(af.af +aj.al +...+ar‘j‘.af)2(af‘ +ay +...+a§‘)(af +af +...+a;f')c> dpcm.

<a, =

n-1 —

Giasu: 0<a <a,<..<a

41. Gia sir phwong trinh: ax® —x*> +bx—c =0 ¢ nghiém duong. Chirng minh ring: 2+b > 63c.

HD:
3 2
axs—x2+bx—c=0®c[£j —b(% +£—a=0(*).
X X) X

Néu x,,X,, X, la nghiém ciia phwong trinh d4 cho thi iii la nghiém cua (*)

Xl XZ X3
Ta co: 2+b>630©1+b+l+1>64<:>1+[—+—+ij [ + ! J+ L > 64
c ¢ ¢ X3 XoXg XX ) XXX

[1+_j[ j[ +_j>64 luon diing

BAT PANG THU'C TU CAC CUQC THI TOAN QUOC TE

1. (IMO 1961). Cho a,b,c 1a @ dai cac canh cuia mot tam giac va dién tich 14 S . Ching minh rang:
a? +b? +¢® > 45+/3 . Khi nao xay ding thirc?

’ ‘ Giai
Goi o la goc doi dién vai canh ¢6 d6 dai bang a trong tam giac.

Sir dung S :%bcsina ;a’ =b* +¢® —2bccosa taco:
a® +bh2+c2> 48\/5 < b? +¢? zbc(\/gsina +c05a) = (b —c) +2)c[1 cos[a _ED > 0 Pang thic

xay rakhivachikhib=c va a = % , nghia 1a tam giac trén 1a tam giac déu.
2. (IMO 1964). Ky hiéu a,b,c 14 d6 dai cac canh ctia mot tam giac. Chirng minh rang:
a’(b+c-a)+b*(c+a-h)+c*(a+b-c)<3abc.
Pé y rang: abc —a® (b +C —a) =a(bc —ab —ac +a2) =a(a —b)(a —c) .
Tuong tu: abc —b? (c +a —b) =b(b —c)(b —a) - abc —c? (a +b —c) = c(c —a)(c —b)
Bat dang thire can chirng minh tuong duong véi:
a(a —b)(a —c) +b(b —c)(b —a) +c(c —a)(c —b) >0 (%)
Ta s& chirng minh bt ding thirc (*) dung véi gia thiét manh hon 1a a,b,c khdng am.
That vay, VT(*) khong thay d6i khi thay d6i vai trd cua a,b,c. Vi vy, ta co thé gida sira >b >¢ > 0. Khi d6
c6 thé bién 61 VT(*) nhu sau:

VT(*)=a(a —b)[(a —b)+(b —c)}—b(a —b)(b —c)+c(a —c)(b —c)
:a(a—b)2 +a(a—b)(b—c)-b(a-b)(b-c)+c(a—c)(b—c)
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Mét sé chuyén d& bai tap Danh cho hoc sinh chuyén Toan
2 2
:a(a—b) +(a—b) (b—c)+c(a—c)(b—c)20 via>b>c>0.

3. (IMO 1969). Cho céc sb thue X,,X,,Y,,Y,2,,Z, théa mdn cac diéu kién:

N 2 2 , . s
X, >0x,>0vaxy, —z; >0xy, -z, >0. Churng minh rang:

8 < 1 N 1

(x1 +x2)(y1 +y2) -~ (z1 +zz)2 XY:1=24 XY, =14,
Thiét 1ap diéu kién can va dii dé xay ra dau dang thirc.
Xét cac tam thirc bac hai: P, (X) =x,X* =22,X +y, ; P,(X)=xX* -22,X +y,

2

P(X) = Pl(X)JrP2 (X) = (x1 +x2)x2 —2(21 +22)X +(y1 +y2)

bit D, =xy, -z’ ;D, =Xy, -z2; D =(x1 +x2)(y1 +y2)—(z1 +22)2 thi P,P,,P c6 biét s6 1an Iuot 1a

27 17" 27

-D,,-D, va D .
L, s 2 Y Xy, —-z>| xy, -z2 D
bé y rang: Pl(X):x1 (X__lJ + 112 ([P 4 B Wt BV
X, X X X
1 1 1
A . . VA
Dau “=" xay rakhi X =1 .
Xl
A 5 . z \ D X
Tuong tu: PZ(X)Z—Z,dau“=”xayrakh1X=—2 VaP(X)Z , dau “=”
X, X, X, +X,
e e . , D, . Khi
Nhung véi moi gia tri X taCO.P(X)zPl(X)+P2(X)2X—+X— nen IX=X T

1 2 1

> 12 *)

P VA VA P ,
Déu “=" xay rakhi —* = -2 (P, (x) va P, (x) dat gi4 tri nho nhat tai ciing mot diém X ).
X X

1 2

Tir (*) str dung bét ding thirc AM-GM cho hai s6 ta dugc:

7 ( 2)(D Dj 2 X1X2-2\/D1 & \/DlDz b b, b Db,

. z z
TN } ] 2 1 _ 2 _ _ — — —
Dau “="xayra <& —=-—=X, =X,,D, =D, & X, =X,,y, =V,,Z, =7, .

X X

4. (IMO 1971). Chtrng minh rang: bat dang thirc sau chi ding v6i n = 3 hoic n =5
(a,-a,)(a, -a,)-(a, -a,) +(a, -, )(a, -2,)...(a, —a, ) + ..
+(an —al)(an —az)...(an —anfl) >0,va,a,,...,.a €R.

xdy ra khi X =

Z, +12
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M@t s6 chuyén dé bai tap Danh cho hoc sinh chuyén Toén
-Vé6in =4, bit dang thic saivéia, =0 ,a, =a, =a, =1 .

-Véin >5 , bitdang thicsai véia, =...=a _, =0a ,=a ,=a  =2a =1.
-Véin =3 , bat dang thirc can ching minh thanh:
(a,-a,)(a, —a,)+(a, -2, )(a, -a,) + (a, -, )(a, —a,) 2 0.

Sir dung tinh d6i xtmg, ta gid sir duge: a, = min{a,,a,,a,} . Khidé ta co:

>(a,-2,)(a,-a,)=(a, —az)2 +(a, —a,)(a, —,) > 0 (dpem)
- Véin =5, bat dang thirc cin chirng minh thanh:
(a,-a,)(a, -2, )(a, -2, )(a, —a, )+ ...+ (a, -2, ) (a; -3, )(a; -2, )(a; —a,) 2 0.

Khong mét tinh tong quat, gia str a, >a, >a, 2a, >a, . Khido ta co:
(2, -,)(a -, )(a, -a,) (&, ~a,) + (2, -, ) (2, ) (&, ~a,)(a, ~a,) = 0
(a3 —al)(a3 —az)(a3 —a4)(a3 —a5) >0

(o, —a,) (e, -, (e, —a,) (e, —2.) + (2 —a, ) (e —a,) (o —a,) (o, —a,) 2 0
Cong vé theo vé ba bat dang thirc niy ta suy ra duoc dpem.
5.(IMO 1973). Cho phuong trinh: x* +ax® +bx? +ax +1 = 0 c6 it nhat mot nghiém thuc, voi a,b 14 céc sb
thue. Tim gid tri nho nhat cia a® +b?.
Giai
Goi x la nghiém cta phuong trinh. Xét x = 0 tathay x* +1 =0 (v6 nghiém), vi vay x # 0.

Chia ca hai vé cua phuong trinh trén cho x? ta duoc: (xz + izj +a [x + EJ +h=0 (1)
X X

Pit t = X +£,‘t‘22:>x2 Jr%:t2 ~2.

X X
Phuong trinh (1) thanh: t* -2 +at +b =0 < 2-t* =at +b.
Ap dung bat dang thirc Cauchy - Schwarz ta co:

2 L\
tz—2‘=‘a.t+b.l‘§\/a2+b2.\/t2 +1 =a%+b? z(tz—z).
t“+1

2
2 3 ) 2 2 (S B 3)
bats=t"+1this>5vaa” +bh° > :
S
Pén ddy c6 ba hwéng gidi quyét:

Huwéng 1: Xét ham sé f(s) = (S _33) ,S > 5 tatim duoc min(a2 +b2) :Szg;iﬂo)f (s) :g tais =5.
Khido: [t| =2 < x| =1<a s ap=_2
5 3

s-3

Hudng 2: Ta co: uzgc 5s° —34s + 45> 0 <> (s —5)(55 —9) > 0 luon diing véi s > 5
S

Huwéng 3: Ap dung bat ddng thic AM-GM ta co:

Vin Phi Quéc, GV. Truwong THPT chuyén Nguyén Binh Khiém, tinh Quang Nam 15



Mét sé chuyén d& bai tap Danh cho hoc sinh chuyén Toan

2
s—3
(-3 .9 . (%, 9) 16 . [s9 16, 4
S S 25 s 25 25 s 25 5

Déu “=" xdyra <5 = 5.
6. (IMO 1974). Cho a,b,c,d > 0 . Tim tat ca cac gia tri c6 thé c6 cta bicu thic:

a b C d
= + + + .
a+b+d a+b+c b+c+d a-+c+d
N , Giai
D¢ dang thay duoc:
a b C d a b C d
+ + + <S < + + + hay
a+b+c+d a+b+c+d a+b+c+d a+b+c+d a+b a+b c+d c+d

1<S<2.

Ta s€ chirng minh tap gia tri cia S la khoang (1; 2) .

Diéu ndy 6 nghia 1a ta can chi ra sy ton tai nghiém duong (a,b, C,d) cua phuong trinh:
a b C d

+ + +
a+b+d a+b+c b+c+d a+c+d
Chon a :x(l—x),b =x,c=1-xvad=1V3ixXe (0,1) . Phuong trinh nay tré thanh:

=t véite(l;Z).

X(1-x —
f(x):O Vi f(x):l+(2x—>)<2 +1+xx—x2 +12X +2—1x2 -t

Taco: f(x) liéntuc trén (0;1) va lim f(x)=1-t <0, limf(x)=2—t>0 nénsuyra: f(x)=0 co it

x—0" x—1"
nhit mot nghi¢m x,  (0;1) hay n6i cch khéc tén tai b s6 dwong (a,b,c,d ) thoa man phuong trinh trén.
Vay tap gia tricia S chinh la khoang (1;2) .
7. (IMO 1975). Cho céc s6 thyc duong X ,X,,...,.X_ VAY,,Y,,....y, thoa diéu kién:
X, 22X, 2...2X,y, 2y, 2.2y . Ching minh rang néu ddy cac s6 z,,z,,...,z_ la mot hoan vi bat ki cua
. n 2 n 2
cacsd y,,y,,....y, thita Cé:Z(Xi —yi) < Z(xi —zi) .
i=1 i=1

) ‘ Gii
Dé dang chirng minh dugc rang:

. . 2 2 2 2
Néu x > x",y >y’ thi (x —y) +(x’—y’) < (x —y’) +(x’—y)
Suy ra: néu i < jma z; <z thikhidoichd z,,z; cho nhau ta s& lam giam tong céc binh phuong xuong.
Thé nhung, tir cac sb z, (hoan vi cua nhitng y. ), ta ciing c6 thé quay vé trat ty cii (tirc 12 vi tri cac Z, duogc dua
V& vi tri ban du ciia cac y, ) boi mot day cac phép ddi chd nhu dd ndi. Tir d6 ta suy ra diéu phai chimg minh.
8. (IMO 1977). Cho a,b, A,B 1a cac hang sb thuc va

f (x) =1-acosx —bsinx —Acos2x —Bsin2x .

Gia sir f(x) 2 0,vx € R . Chimg minh réng: a® +b* <2 va A’ +B* <1 .
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Giai
Goiy,z la céc sb thuc sao cho: cosy = _a , siny = b
va® +b? va® +b?
A .
CO0SZ = —, SINzZ =

B
A’ + B? JA? + B?

Khi d6: biéu thirc f (x ) thanh: f(x) =1-ccos(x —y)-C cos2(x —z)
voi ¢ =+a? +hb%,C =vA? +B? .

Tur do: f(z)+f(ﬂ+z)20 chotaC =vA* +B* <1 véf[y+%}+f[y—%}20 cho ta

¢ = va® +b? <2 . Piéu phai ching minh.
9. (IMO 1978). Cho f : N — N 1a mot song anh. Chirng minh rang:

N

P / ) n f(k n n 2
Ap dung bat dang thirc Cauchy-Schwarz ta co: Z ( . ) Z 1 > { ij 1)
a K Ef(k)) Tk

Do f la song anh nén: ani = ani 2
S A

n f(k n

Tur (1) va(2)tasuyra: k(z) > Z% vn

k=1

Déu “=” xay ra khi va chi khi f (k) =k, vk > 1.

10. (IMO 1983). Cho a,b,c 1a d6 dai cac canh ctia mot tam gidc. Chirng minh rang:
a’(a-b)+bc(b—c)+c’a(c-a)=0.

Hay xé&c dinh xem dau “=" xay ra khi n30?

@)

1ai

bata=y+zb=z+x,c=x+Yy ;XYy,2>0

Bat dang thirc cAn chirng minh thanh: xy® +yz® + z2x*® > xyz (x Y+ z) .

Ap dung bét dang thire AM-GM ta dugc:

(xy3 +yz® + zxs)(x Y+ z) > Xyz (x +y+z )2 . Suy ra bét ddng thirc can chirng minh.

3 3 3
N S X z°  IX
Tu day, dau “=” xay ra < y _¥ _ < x=y=z.Suyra:a=b=c.

z X y
Déu “=” xdy ra<>a =b = < tam giic trén la tam giac déu.

11. (IMO 1984). Chirng minh rang: 0 <yz + X + Xy — 2xyz < % Vi X,y,z la cac s6 thuc khong am thoa

mén diéu kién: X +y +z =1 .
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Ta co: (1—2x)(1—2y)(1—22) = 1—2(x +y +z)+4(xy +yz +zx)—8xyz

:4(yz +ZX +xy)—8xyz -1.
1 1
Suyra: yz +zx +xy —2xyz = Z(l—Zx)(l—Zy)(l—Zz) +Z

1 (1—2x+1—2y+1—22)3 1 11 1
<. to= =,
4 27 4 4271 4 27

Ngoai ra, do gia thiét X +y +z =1 ta co: yz + zx + Xy — 2xyz =xy(1—z)+xz (1—y)+yz >0 .
Vay ta suy ra dugc diéu phai ching minh.
12. (IMO 1995). Cho a,b,c Ia céc s6 thuc duong thoa mén dicu kién: abc =1 .

1 1 1 3

Chirng minh rang: = (b +C) + o (C +a) + e (a +b) > 5
14i

Pit x =

QD | =

,y=%,z =1 thi x,y,z >0 vaxyz =1 .
c

Theo bét déng thic AM-GM ta c6: X +y +2 >3 VA —— + 4

Z

Yy+Z Z+X X+

2 2 2 3
2

>3
y 2

. 2 1 A, al LA , . , X z
Khi d6 bat dang thirc can chitng minh c6 dang: + y +
Yy+Z Z4+X X+Yy

Khong mét tinh tong quat, c6 thé giasir X >y >z >0 .

\%

Khido: > > 2 0.
Y+2Z Z+X X+Y
Ap dung bit dang thirc Chybyshev ta c6:
2 2 2
XZ .Y T Xty +z X .y .z ZE.E:E.
y+z Z+4+X Yy+z 3 y+z Z+X X+Yy 32 2
Diu “=" xay rakhivachikhi x =y =z haya =b =c =1.
13. (IMO 1999). Cho s6 ty nhién n > 2 . Tim hang s C nho nhét sao cho:

4
z x.x.(x.2+x.2)§C(x X, 4.+ X ) X, XX >0,
i\ j 1 2 4 1772 n

I<i<j<n
V6i gia tri C vira tim duoc, hdy tim diéu kién c6 déng thic xay ra.
) " Giai
Ap dung bat dang thirc AM-GM ta co:

2 2 2 2 2
Z XX, (xi +xj)§ Z XX, [xi + X +Z_xk

I<i<j<n I<i<j<n

)
ey X,XJ@;X?};(ZKE«X'*; &) 8]

1<i<j<n

Déu dang thirc xay ra khi va chi khi x.x.(x.2+x.2):x. .(x2+x +...+x2) Vi< j
im] i i ] 1 2 n
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) 2 2
Va X2+ X2 L X =2 Z XX, -

1<i<j<n

Diéu nay chi c6 thé xay ra khicoé n —2 s X, bang 0 va hai s6 con lai bang nhau. Vi dang thirc ¢6 thé xay ra

3 A A A 1 ’ \ -/ . 5 4 ’ A r 5
nén ta di dén két luan Y chinh Ia gia tri nho nhat ¢6 thé c6 cua C .

14. (IMO 2000). Cho ba s6 thuc duong a,b,c  ¢6 tich bang 1. Ching minh ring:

S

Ta co: a—1+1 b—1+1 =ab—a+§—b+1—1+1—l+i.
b c c c b bc

Str dung ab=1 Vébi=a Ve‘lluu)'/b+%22 ta dugc:
c c

a—l+l b—1+1 Sg—b—l+2§§.
b c c b c

Tuong tu ta ching minh dugc:

b-1+1|[c—1+d]ctifa—1et|co1e <
c a b a b

Nhan vé theo vé cac bt dang thirc ta dugc diéu phai ching minh.
Dau“="xdyrakhia=b=c=1. ‘
15. (IMO 2001). Cho céc so thuc duong a,b,c . Chirng minh rang:

a b C
+ + >1.
\/a2 + 8bc \/b2 + 8ca \/c2 + 8ab
Gidi
Céach 1:
pita= & po__ 0 a__C

vJa? + 8bc \b? + 8ca ’ \Jc? + 8ab ’
»_a , b

C ’ ’ ’
X = 5% = F,xj} = g,yf =aa'\y; =bb'y: =cc
Suyra: Xy, =a,x,y, =b,x;y, =c .
Tir bt ddng thire Cauchy-Schwarz ta dugc:
2 a
(xl2 +X; +x§)(yf +Y; +y§) > (xly1 +X., +x3y3) & ;+E +§ >
Tiép dén, ta lai dat X, =va,X, = b, X, = .Y, =+vaa'y, =+bbY, = \cc
Lai tir bt dang thirc Cauchy-Schwarz ta duoc:
2
(XY, + XY, + XY, ) < (X2 + X2+ X2) (Y7 +Y7 +Y7)

©i+ﬂ+c (a+b+c)2

— >
[ [ r =
a’ b ¢ Jasp +c\/aa’2 +bb” +cc”

2
c (a+b+c)
~aa'+bb' +cc’
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3

a b c (a+b+C)2
S —+—+—2
a’ b c \/aa’2+bb’2+cc’2

3
. , = 3
Mat khéc, ta lai co: (a +b +c)2 > \Jaa”? +bb” +cc”? < (a +b +c) >aa’” +bb"” +cc’

Thay a’,b’,c’ vao bat dang thirc ndy rdi khai trién va bién doi ta dugc bat déng thic twong dwong 1a:

3(ab2 +ac? +ba? +bc? +ca? +cb2) > 18ahc

<:>a(b—c)2 +b(c—a)2 +c(a—b)2 >0 .

Suyra:3’+2,+£’21© a + b + ¢ >1.
, a’ b ¢ Ja? +8c b?+8a +c? +8ab
Dau “=" xayrakhia=b =c .

Céach 2:
(1A ~ 1 . 3 a as
Trudc hét, ta s€ chirng minh rang: >
NaZ+80C 3 i3 s
ad® +b®+c?

1011 2
hay {aS +b3 +c3 2a3(a2+8bc)
Bit dang thic AM-GM cho ta:

11 Y (1Y (1 1) 1 o1 o1 22 211
a3 +b3+c3| —|ad3| =|bd +cd ||a® +a® +b® +c3 | > 2Db3cs.4a%b3c?

[ A a a9
Suyra: |a3 +h?® +c3 zaS(a2+8bc),t1‘rdétacé:\/72 — -
2 = = fud
a’ +8oc ad +bd +c?
1
Tuong tu ta chimg minh duge: ——2 > c ., ¢©
uong ty ta chirng min uqc.m_ T 1 l’m_ T 1 1
a® +b3 +c? a’ +b3 +c?

Cong vé theo vé cac bat dang thirc ndy ta tim duoc bat dang thirc cdn ching minh.
16. (IMO 2003). Cho s6 tw nhién n va x, <X, <...<x_ la cac s thuec.

2 —
a) Chtrng minh rang: [Z X, _XJU < — Z(Xi X, )2 :

ij=1 ij=1

b) Ching minh rang: dang thirc xay ra khi va chi khi x,x,,...,X_ la mot cap so cong.

2

2
= 8a3hc

n
a) Do hai vé cua bat dang thuc dong nhat nén khdng mat tinh tong quat gia s in =0.

i=1

Ta co: _i‘xi—xj‘z > (xj —xi)zzizz;(Zi—n—l)xi .

i,j=1 1<i<j<n

Ap dung bét dang thirc Cauchy-Schwarz ta co:

Vin Phi Quéc, GV. Truwong THPT chuyén Nguyén Binh Khiém, tinh Quang Nam

20



Mét sé chuyén d& bai tap Danh cho hoc sinh chuyén Toan

[le‘x —ijZ < 4{i(Zi -n —1)2}[2&2} - wixf |

i=1

n

Mit khac: Z(xi - X, )2 = nixi2 —[ixij(ixjj+nixf = ZnZn:xf :
ij=L i1 i—1 =1 i=L i1
2(n2 —1) n

suyre (s _ijZ R

ij=1 ij=1

b) Khi ding thirc xay ra ta c6: X, =K (2i -n- 1) Vvéi k nao do, tac la X, X,,...,X_ la mot cap s6 cong. Mit

khac, gia sir X,X,,...,X_ la cap so cong véi cong sai d .

X, +X,

Khi do ta co: X, =9(2i -n-1)+
2 2

X X 4 d,.. R < e 2 ,
Giam - > - trmai X, , ta duoc X, ZE(ZI -n —1) va in =0, tur do suy ra dang thurc.
i=1
17. (IMO 2004). Cho s6 ty nhién n > 3 va t,,t,,...,t lacac so thyc thoa man:

1 1 1
n’ +1>(t1 +1, +...+tn) S TR =
tl t2 n
Ching minh ring; MY la c&c canh ctia mot tam gidc voimoi 1<i<j <k <n .
Giai
Do tinh d6i xtrng nén ta chi can chimg minh t <t +t, .
Ap dung bét dang thirc Cauchy-Schwarz ta co:

n2+1>[itij[i£]=[tl+tz+t3+Zn:tij££+£+£+ y ij
i=1 i=1 ti i=4 t t t i=4 t
B 2

1 1 1 n n1
\/(tl+t2+t3) E+g+€ +\/[;t'j[§fj

r 2

\/(tl+t2+t3) l+£+l +n -3

Suy ra: \/(tl+t2+t3)£l+£+£j <yn*+1-n+3.
t t

1 2 3

1 1
Do vn® +1-n = <
n+vn®*+1 3++10

(t1 +1, +t3)[t£+t£+t£]<10.

1 2 3

\%

\%

=10 - 3,vn > 3 nén tir bt ding thirc trén ta thu duoc:

Giasrt >t, +t, ta co:

L+t
(t1+t2+t3) £+£+£ =1+t 1+1 +u+(tz+t3) l+l
t, ot ot t, t t, t, t

1 2 3 3 2 3
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4t 3t { o G+t

>1 L+ +4=5 1 1

+ +
t,+t, ot t,+t, [t +t, ot

j25+3+2=10 , VO ly.
1

Vay ta c6 duoc diéu phai chimg minh. ‘

18. (IMO 2005). Cho ba s6 X,Yy,z > 0 sao cho xyz > 1 . Chirng minh rang:

x5 _x2 N ys_yz N 75 _ 72 S0
X>+yi 422 Yo 4+zi4x? S +xP4yr
Céch 1:
2
x5 _ x2 x5 — x2 (xs—l) xz(y2+zz)
TaCO 5 2 2_ 3 2 2 2 - 3 2 2 2 5 2 2 20
X" +y° +z x(x +y +z) x(x +y +z)(x +y +z)
Suy ra:
1 Xyz
X% —x?2 %% —x2 x*—= XZ—L
Z 5 2 ZZZ s/ 2 2 2 =Z : 2X 222 c 2X - (Vixyz 21)
X° +y°+1z x(x+y+z) X° +y° +2 X° +y°+12
2
X° =) X
DR N
x> +y? +2°
Déu “=” xay rakhivachikhi x =y =z =1.
Céch 2:
5 2 2 2 2
. X=X X“4+y +z2° LA Al ,
ViQ—————=1- % nén bai toan quy ve viéc chirng minh bat dang thuc:
X> +y° +2 X° +y° +2

2 2 2
Zu <3,
X° +y® +12°
Ap dung bét dang thirc Cauchy-Schwarz va két hop véi diéu kién xyz > 1 ta co:
2
(x5 +y? +zz)(yz +y? +zz) > (xzwlxyz +y? +zz) > (x2 +y? +zz)

Xy +YzZ + zX

2

2 2 2 2 2 2 2 2
X +y®+12 Z+y°+12 X* +y°+1z
5 y2 2£y2 y2 232 y £2+
X>+y +2° X*+y +z

<2+1=3
X° +y?+12° x? +y?+12°

=

(Vi X2 +y? +2° 2 Xy +yZ +2X )

Cach 3:
Do y® +2% > 2yz va xyz > 1 nén ta co:
1 1 1
5 2 2£X4 < 4
Xory e T A A A
y y> +2
Ta s& chimg minh: ) .~ ! <3?
ZX Sy 47’
y> +2

Day 1a mot bat dang thirc thuin nhit nén diéu kién xyz > 1 ¢6 thé bo qua dé chudn hoa x? +y? +z° = 3. Bat
dang thuc trén tré thanh:
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> — L <1@Z <1,

32i<xz+3_x x* —6x°+9
Do 3x* - 6x° +9=3(x2 —1)2 +6>6; 3—-x*=y*+2% >0 néntaco:
3-x° 3-x*
’ ZC,%x“—6x2+9SZ 6 =1
19. (IMO 2006). Tim s6 thuc M nh¢ nhat sao cho
‘ab(a2 —b2)+bc(b2 —cz)+ca(c2 —az)
Giai
Xét da thire: P (t) =tb(t2 —b2)+bc(b2 —cz)+ct(c2 —tz).
D& dang kiém tra dwoc rang: P (b) =P (C) =P (—b —C) =0 va do do:
P(t)=(b—c)(t-b)(t—c)(t+b+c), véihesdlab—c .
V& trai ctia bat déng thuc can chirng minh c6 thé duge viét lai dudi dang:
‘ab(a2 —b2)+bc(b2 —cz)+ca(c2 —a?) = ‘P (a)‘ = ‘(b —c)(a-b)(a-c)(a+b +c)‘
Bai toan quy V& viéc tim s6 thuc M nho nhat sao cho:
(o -c)(a-b)(a- )(a+b+c)‘<M(a2+b2+cz)z )
Pé y rang biéu thirc ndy 1a ddi xing va khdng mat tinh tong quat ta co thé gia sir rang: a <b <c . Vi didu
gia str nay, ta co:

fo-t)o-e)--sfe-n) o[ L ER BT g,

2 4

2 2 22 7 .
SM(a +b +C) , Vo1 moi a,b,c .

Diu “=" xayra ¢ (2) khivachikhib—a =c—-b hay 2b =a +c .

Hom nia [(Cb);(b a)JZ _le-b) +(o-a)

2
= 3(c-a) <2 (b-a) +(c-b) +(c-a)| ©)
Diu “=" xay ra ¢ (3) khivachikhi 20 =a +c .
Tur (2) va (3) ta co:

‘(b—c)(a b)( )(a+b +c)‘

é%(c—a)s(a +b +c)

= %\/(c —a)6 (a +b +c)2
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3

.1 2| (o) +(03—b) “(e-a)| (sbac
2| [[(b-a) +(e-b) +(c-af 3(a+b+c)2

Ap dung bit déng thirc AM-GM ta c6:
2
‘(b _C)(a b)( )(a +b +c)‘ < ﬁ (b _a)z +(C _b)z + (C —a)z + (a +b +c)2
2

4

9\[(

a +b2+c) :
e W2 \
Ta thay: (1) Ia thoa mén khi M :3—2 véi dau “=" xay ra khi chi khi 2b =a +c¢ va

(b —a)2 +(c—b)2 +(c—a)2 :(a+b+c)2.

3

Thayb:a+C

r 2 2
vao phuong trinh cudi cung ta dugc: 2(0 —a) = 9(a +C) :
Cac diéu kién xay ra ddu déng thic c6 thé trinh bay lai nhu sau:

2
2=a+cva(c-a) =180

32 32
=

Chob=1,suyra:a= 1——c—1

4 2 \ -7 . A N 9 A A \ = 7 \ A 2 , > . A \
Tathay M = 93—\2[ la gia tri can tim thoa yéu cau bai toan va dau dang thurc xay ra khi bo ba (a;b;c) la

cung cac hoan vi cua no.

Ll—i L1+ 3\/7j

20.(IMO 2007). Cho a,,a,,...,a, 1& c4c s6 thuc. Véi mdi i (1<i <n) xdc dinh:

d =max{j:1<j<if-min{j:i<j<nfvaditd =max{d :1<i<nf.

a) Chtrng minh rang: v&i moi X, £X, <...<X_,taco max {‘Xi —ai‘ 1<i < n} 2% .

b) Chirng minh ring: ton tai X, £X, <... <X sao cho ta ludn ¢ dang thirc trong cau a)
’ Giai

a) Chol1l<p<qg<r<n lacéacchisoma

d =dq,ap =max{aj 1< Sq},ar =min{aj q<] Sn}
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Dodod =a —a, (c4c chiso nay khong can duy nhat).

X —a

r r| °

Vi cac s thuc tly y X, <X, <... <X_, xét hai dai luong ‘Xp —-a

p"

Vi (ap —xp)+(xr —ar) =(ap —ar)+(xr —xp)Zap ~a_ =d néntaco:
hoac a, — X, 2% hodc x_—a, 2%.

Vay max {‘xi —ai‘ 1< £ n} > max {‘xp —ap‘,

d
X —a }Zmax{x —-a_,X —a}z-.
r P P r r 2

r

b) Véimdi 1<i<n ,dit M, =max{aj 1< éi} vam, =min{aj i< Sn}.

m+M, . X o
bat x. =T .ROérang m <a <M. ma {mi},{Mi} la giam. Hon nira, tir
d m -M M. -m d
d=M-m=>-—+=—""1=x-M <x -a <x-m=——-~=>=-"
1 1 1 2 2 1 1 1 1 1 1 2 2

i d . . ,
Vivay, max {‘xi —ai‘ 1<i < n} < max {EI 11<i < n} = % Dén day, ta co dang thuc.
21. (IMO 2012). Cho sé nguyén n > 3 va cac sé thuc duong a,,a,,...,a_ théamén a,..a_ =1 . Ching

minh rang: (1+a2)2 (1+a3)3...(1+an)n >n" .

o
j--N]
P

Cach 1:

Véimbik >2 taviéta +1=a PR (k —1 phan sb
k — k-1 k-1

Ap dung bit dang thirc Cauchy cho k sb ta duoc: a, +1>k,

K k 2 3 n
hay (ak +1) Zk—Hak DOdéVT 22—.2—2...n—M=nn .
- 2oy
Vi déu “=" khong dong thoi xay ranén VT >n" .

Céach 2:

k
+ 1)
X

(1+x)kfl((k —1)x —1) |

X2

—_
X

V&imdi k > 2 xét ham sb: f (x) = trén khoang (0; +oo) .

Ham sd lién tuc va c¢6 dao ham f/ (X) =

)zL

Do d6 ham nay dat cuc tiéu tai X, = ﬁ hay f, (X) > f (X (k 1)H .

k

Vay nén (a2 +1)2 (a3 +1)3 ....(an +1)n >n"aa,..a =n".
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r N 2 3
Vi dau “=" khong dong thoi xay ra nén (1+a2) (1 +a3) (1 +a_ )n >n",
Céch 3:
x N £ . £, 2R k iy .
V&1 moi k > 2 tasé tim so thuc a |6n nhat dé (x +1) >ax ,Vvoimoi X € (0; +oo) .

Ta xét ham so: f, (x) = (x + 1)k —ax . Ham sé lién tuc va c6 dao ham fk’(x) =k (1 + x)kf1 —a .Suyra:

. - a |t
phuong trinh fk’(x) =0 conghiém x, = , -1.

f 1 \ .2 . a |«
Do d6 ham nay dat cyc ti€u tai X, = [Ej -1.

BAy gio ta can tim a dé f, (x,) =0 , bdi thé nén cho a = T .
k-1

kk
(k- 1)“1

Ap dung bét dang thire ndy cho cac s6 duong a,,a,,...,a_ ta duoc:

k
Vay ta d& chirng minh duoc: (1 + X) > X ,Véimoi X e (0; +oo) .

(a2 +1)2 (a3 +1)3....(an +1)n >n"aa,..a =n".

Vi déu “=" khong dong thoi xdy ra nén (1 +a, )2 (1 +a, )3 (1 +a_ )n >n".

CHUONG II: PHUONG TRINH HAM
1. Cho ham sd f :Z — Z théa man f(1)=0va f(m+n)=f(m)+f(n)+3(4mn-1), Vm,neZ.

HD:
-Thay m=n=1,taco: f(2)=2f(1)+9=9;
-Thay m=n=2,taco: f(4)=2f(2)+45=63;
-Thay m=n=4,tacé: f(8)=2f(4)+189=315;
- Thay m=n=8,taco: f(16)=2f(8)+765=1395;
-Thay m=2, n=1taco: f(3)=f(2)+ f(1)+21=30.
- Thay m=16,n=3 taco két qua: f(19)= f (16+3)=f (16)+ f (3)+573=1998.
2. Cho hamsé f :N" — N" théa mdn f(1)=5; f (f(n))=4n+9 va f(2")=2""+3VneN .
Tinh f (1789).
HD:
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Taco: 1789=4.445+9 ; 445=4.109+9 ;109=4.25+9 ; 25=4.4+9

Lan luot ap dung cac gia thiét ta dugc:

f(4)=8+3=11;

3. Cho hamsé f xac dinh trén tap N” va thoa mén:
f(n+1)=n(-1)""-2f(n) ; f(1)=f(2013).
Tinhtong S = f (1)+ f (2)+...+ £ (2012).
HD:
Taco: f(2)=1-2f(1); f(3)=—2-3f(2); f(4)=3-2f(3);..;
f(2012)=2011-2f (2011) ; f(2013)=-2012-2f (2012).

Cong vé theo vé cac dang thuc trén ta duoc:

2012
f(2)+ f(3)+..+ f (2012)+ f (2013) =1-2+3-4+..+ 201120122 f (k).

=
Thay f(2013)= f (1) taduge: 3 f (k) =-1006-23 f (k)= 3 f (k) =20
= = -
4. Cho hamsé f xac dinh trén tap cac s6 nguyén dwong va thoa man:
f(1)=1006 ; f(1)+ f(2)+..+ f(n)=n*f(n) VneN",
Tinh f(2012).
HD:
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f(n) n-1
f(n-1) n+1’

Tir gia thiét bai toan ta co: (n—l)2 f(n-1)+f(n)=n’f(n)=

Cho n=2,3,...,2012 ta duoc: f(2) :1 ; f(3) :E ; f(4) :E e f(2012) = 2011.
f(1) 3 f(2) 4 f(3) 5 " f(2011) 2013

f2012) 1 ¢ (o012)-—L .
f(1) 1006.2013 2013

Nhan vé theo vé cac dang thirc trén ta duoc:

5.Cho hamsé f :N— N thoaman: xf (y)+yf (x)=(x+y) f (x2 +y2) , VX, yeN.
Chirng minh rang: f 1 ham hang.

Gia st: f khong la ham hing. Chon X,y sao cho f(y)-f(x)>0 vabé nhat.

Tu

f(x)=" (Xx):f (x) (yx)xf () (yiizf W)t (y)m 0 (4 y2) £ (x)< 1 (y)- 1 (%)

Diéu ndy mau thuadn nén f 1a ham hang.
6. Tim tat cd cac ham f :N" — N” thoa min céc diéu kién:
f(1)=L f(m+n)=f(m)+f(n)+mnvmneN
HD:
Cho m=1 tathuge: f(n+1)=f(n)+n+1. Tl day suy ra néu ton tai ham s6 thi d6 1a duy nhat.

5 ) ) _ n(n+1)
Bang phuong phap quy nap, chung minh: f (n) ==

7.Chohamsé f:N—N thoaman dicukién f(m)= f(n) néu m—n la s6 nguyén to. Hoi tép gid trj cua
ham f cd it nhat bao nhiéu phan tir?

HD:

Taco: 3-1=2; 6-3=3; 6-1=5; 8-3=5; 8—6=2 la cic so nguyénto nén f(1); f(3); f (6); f (8) phai
khac nhau. Do d6 tap gia tri cia ham f ¢ it nhat 4 phan tu.

Xéthamsé f(n) xéc dinh nhu sau: Néu n=r(mod4) thi f (n)=r.Khidé tap gié tri cia ham f c6 4
phan tir 1a: 0;1;2;3.

Ta ching to ham f xay dung nhu trén thoa man diéu kién bai toan.

That vay, néu f (m)= f(n) thi m=n(mod4) < m-n=0(mod4)= m-n Ia hop so.

Vay tap gi4 tri cia ham f ¢ it nhat 4 phan t.
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8. Tim tt ca cac ham f :N — N théa man diéu ki¢n: f(m+ f(n))=f(m)+n vmneN.

HD:

Gias: f(0)=a>0.

Khidé: f(m+f(0))="f(m)hay f(m+a)=f(m), vmeN.Vithé f laham tudn hoan va nhu thé gia tri
cia f latap A={f(0); f(1);... f(a-1)}.

Tagoi M 136 16n nhat trong A. Khidé: f(n)<M VneN.

Mt khac: thay m=0 vao f(m+ f(n))=f(m)+n tadugc: f(f(n))=n+a cothélsntlyy, v ly.
Vay ta phai c6 f (0)=0.Khidé: f(f(n))=nvneN.

Néu f(1)=0thi 0= f(0)=f(f(1))=1, mau thudn. Do dé: f(1)=b>0.

Chtrng minh quy nap: f(n)=bn vneN ?

Taco: f(bn)=b’n=n=b=1.Vay f(n)=nVneN.Thi lai thdy ding.

9. Tim tat ca cac ham f :N — N théa man diéu kién: f (mn+1)=mf (n)+2Vm,neN.

HD:
- Thay m=0 tacé: f(1)=2.
- Laithay n=0 taco: f(1)=mf(0)+2=mf (0)=0VmeN= f(0)=0 (1)
-Thay n=1tacé: f(m+1)=mf(1)+2=2m+2=2(m+1)= f(m)=2m, VmeN" (2)
T (1) va(2)taco: f(m)=2mVvmeN.Vay f(n)=2nVneN,
10. Tim tat ca cac ham f :N — N théa mén c4c diéu kién:

f(f(n))=n+2 f(f(n+1)+1)=n+4; f(0)=1 VneN.

HD:

- Chitng minh f 12 mdt don 4nh?

-Taco: f(f(n+2))=n+4="f(f(n+1)+1)= f(n+2)=f(n+1)+1.

Hay f(n)=f(0)+n=n+1VneN (thoa min).

11. Chohamsé f(n) xac dinh trén tap hop cac s6 nguyén duong va thoa man:

f(1)=2va f(n+1)=f*(n)—f(n)+1; n=123;..
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Churng minh: 1— ]2'011 < L + L +..+ L <1- :!'012 :
22 f (1) f (2) f (2012) 22

HD:
- Ta co: f(n+1)—f(n)=(f(n)—1)2:>f tangva f(n)=2VneN’

- Chirng minh: L + ! +..+ ! =1 !

0 T2 T Ten—1

- Chirng minh quy nap: 27" < f (n +1)—1< 2% 2

- Cho n=2012 ta suy ra diéu phai chirng minh.
12. Tim tat ca cac ham s f : Q" — Q" théa man: f (x+1)=f (x)+1; f(x2)= f2(x) vxeQ".

- Chirng minh quy nap: f(x+n)=f(x)+n ¥xeQ",VneN ?

2 2
:% (mneN)= f(%}:%

K]

- V61 x=

cQ (p.qeN').Giasir: f (gj

q

- p p m p’° ;) m* 2mg

Khido: f| =+q|=f| = |+q=—+9= | —+2p+qQ° |=—+—+(
q q n q n n

Hay f(g—jj+2p+q2=r:—;+2—rr:m+q2:>2%=2p:%=§.

Vay f(x)=x VxeQ".

13. Tim tat c cac ham f :Q — Q théa mén diéu kién:
f(x+y)+f(x—y)=2f(x)+2f(y) Vx,yeQ.

HD:

- Cho x=y =0 tadugc: 2f(0)=4f(0)= f(0)=0.

-V6i x=ny (neN) taduge: f((n+1)y)=f(ny+y)=2f(ny)+2f(y)-f((n-1)y).

- Chirng minh quy nap: f (nx)=n’*f(x) VneN ?

- Thay x béi % ta duge: f(1)=n*f (%j (%J _f (21) .

- Taco: f(%)z f[m.%}=m”[%}=[%f f(1).

Do d¢: f(x)=ax’ vxeQ ,trong dé: a= f (1). Thir lai thdy ding.

14. Ton tai hay khong ham f :Q — Q théa man diéu kién: f(x+ f(y))=f(x)-y vx,yeQ.
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Mét sé chuyén d& bai tap Danh cho hoc sinh chuyén Toan
HD:

- Chimg minh f 1a don énh ?

- Cho x=y=0 taduoc: f(f(0))=f(0)= f(0)=0

-Cho x=0 taduge: f(f(y))=-y VyeQ (¥

- Thay f(y) béi y vao diéu kién bai toan da cho va chil y dén (*) ta co: f(x+y)=f(x)+f(y).
Do d6: y=kx VxeQ. Thay vio diéu kién bai toan da cho ta suy ra dugc: k? =—1, vd ly.

Vay khong ton tai ham s6 ndo thoa man yéu cau bai toan.

1+\/§
2

15. bat q=

vagoi f :N—N lahamsb théaméndiéukién‘f(n)—qn‘<% VneN.
Chirng minh rang f (f (n))= f (n)+n vneN.
HD:

- Tur 1>%>‘f (0)=0= f(0)=0. Nhu viy diéu ki¢n |f (n)—qn‘<% dung véi n=0.

-V6in>0 thi f(n)>0.That vay, néu f(n)=0 thi tir |f (n)—qn‘<% cho ta:

1 1 1 -
[-on|<=<an<=<0<n<= <1, Vo ly.
q q

-Dé yrang q(q-1)=1. Tirdd véi n>0 tly y ta co:
[£(F(n)=F(n)=n|=|f (£ (n))=af (n)+(a=1) f (n)-a(qg-D)n|
[£ (£ (n))=af (n)|+[(a-1)(f (n)-an)

1
—
—_—
—h
—
5
N—
N—
|
O
—
—~
5
N—
+
—
o]
|
H
A ——
—_—
—
—~
>
N
|
o]
>
~
IA

Tu ‘f (n)—qn‘<% thay n boi f(n) ta co: ‘f (f (n))—qf (n)‘<%

Viy ‘f(f(n))—f(n)—n‘<%+(q—l).%=1.

Do f(f(n))-f(n)-neZ nén f(f(n))==f(n)-n=0< f(f(n))="f(n)+n.

16. Chirng minh rang khong ton tai song anh f : N — N thoa méan diéu kién:
f(mn)=f(m)+f(n)+3f(m)f(n) vmneN

HD:
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Gia str ton tai ham f théa mén yéu cau bai toan.

- Cho m=1tadugc: f(n)=f(n)+f(1)+3f (1) f(n).Néu f(1)>0thi f(n)<0,vdIy. Vay phaico:
f(1)=0.Vi f lasonganhnén f(n)>1vn>2.
- Suy ranéu n lahop so thi f(n)=5.
Ciing do f song anh nén c6 duy nhét p,q,r e N" sao cho f(p)=1 f(q)=3, f(r)=8.Chayrang p,q I
cac s6 nguyén td phan biét. Khi do: f(q®)=f (pr)=33=>g¢” = pr, vd ly. Vay khong tn tai ham so.
17. Tim tit ca cac ham f :N — R sao cho v&i moi m,n,k e N ta déu co:
f (km)+ f (kn)— f (k) f(mn)>1.
HD:
-Cho k=m=n=0=(f(0)-1) <0= f(0)=L1.
-Cho m=n=k=1= f(1)=1.
-Cho m=n=0 = f(k)<1VvkeN.
-Cho k=1m=0= f(n)>1VneN.
Suyra: f(n)=1vneN.
18. Cho f :N" — N" thoa man cac diéu kién: f(mzf (n))=mnf (m) vmneN".
Chirng minh rang néu f (2003)=a’ thi a la s nguyén to.
HD:
- Chimg minh f 1adon4nhva f(1)=17?
- D& thdy f(f(n))=n VneN".Thay n boi f(n) co:
f(mzf(f(n))):mf (n) f(m)= f(m*n)=mf (m)f (n).
Vay f(m2)=mf (m) Vm va f(m2n2)=mf(m) f (n2)= f (mz)f(nz), nghia la f nhan tinh trén tap hop
céc sb chinh phuong.
Gia st f(2003)=a” véi a lahop sd, nghia 1a a=mn véi m>n>1.
Khidé: f(f(2003))=f(a’)=f(m’n’)=2003=f(m?)f(n?) V6 lyvi 2003 la s nguyén to.
19. Tim tat c cac ham f :N" — N” thoa man diéu kién:

() f tang thuc su
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(i) f(mf(n))=n*f(mn) VvmneN .

HD:
- Thay m=1taco: f(f(n))=n’*f(n).
-Giasit f(n)>n*= f(f(n))>f(n*)=n’f(n)>f*(n)=f(n)<n® ,voly.
- Twong ty ta cling chimg minh dugc: f (n)<n?.
Vay f(n)=n®* VvneN’.
20. Tim tat ca cac ham f thoa mén hai diéu kién:
(i) vmneN thi 2f (m*+n?)=f?(m)+ £*(n)
(i) vmneN ma m>n thi f(m*)z f(n?).
HD:
-Cho m=0va n=0 taduge 2f (n*)=f*(n)+ £°(0) va 2f (m*)=£(m)+ £*(0).
Dods f2(m)—f*(n)=2(f(m*)-f*(n*)).
-Cho m=n=0c6 f(0)=0hay f(0)=1.
+Néu f(0)=1thitaco: 2f (m*)=f*(m)+1= f(1)=1= f(2)=1.

Tir dang thuc: f (22n ) = %( f (ZZH )2 +1j, bang quy nap ta co: f (22n ) =1vn.

Véi n thy ¥ ludn co sé k sao cho 2° <n<2? = f(zzm)g f(n)< f(zzk): f(n)=1.

+Néu f(0)=0= f(1)=0 hogc f(1)=2.

Vé6i f(1)=0tacohamsd f(n)=0 vavsi f(1)=2 taco f(n)=2n.

21. Xéc dinh ham s6 f :N — N théa man diéu kién: f(f(n)+f(m))=n+mvnmeN.

HD:

Gia str ton tai ham f thoa mén yéu cau bai toan.

- Chtmg minh f 1a don 4nh ?

- vneN taco: f(f(n)+f(n))=n+n=2n=(n-1)+(n+1)=f(f(n-1)+f(n+1))
= f(n)+f(n)="f(n-1)+f(n+1)= f(n+1)-f(n)=f(n)-f(n-1) VneZ

= f lahamtuyén tinh tic f c6 dang: f(n)=an+b.
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Thi lai ta c6: a (an+b)+(am+b)|+b=m+n< .. a=1b=0.

Suyra: f(n)=n.
22.Cho f:Z—Z. Ching minh rdng ton tai X, € Z sao cho: f(f(x,))=1-x;.
HD: Gia sir: f(f(x))=1-x* VxeZ

D& thay: f(1)=1-f*(0); f(0)=1-f*(1).

suyra: £(1)-f(0)= £*(1)- £4(0)=[ 1 (1)- F (O) [ F (1)+ f (O)][ £* (1) + £*(0)].

Chung minh f (1)- f(0)=0 ?

Khi dé: [ f(1)+f(0)][ £*(1)+f*(0)]=1=

Giasir: f(1)=1 f(0)=0.Suyra: f(f(1))="f (1), f(f(0))="f(0).Diéunay mau thuan.
23. Tim tit ca cac ham f :Z — Z thoa mén céc diéu kién:
() 1(f(n)="(n)
(i) f(f(m)+f(n))="f(m+n)
(iii) f nhan vo sb gia tri.
HD:
Gia st ton tai m; =m, ma f(m)=f(m,). Taco thé xem m, >m,.
Khi d6 véi moi n taco: f(f(m)+f(n))="f(f(m,)+f(n))= f(m+n)="f(m,+n).
DEco f(n)=f(n+d) véid=m,—m >0.Nhuthé f Ia ham tuan hoan va do d6 chi nhan hitu han gi4 tri.
Diéu ndy mau thudn véi (iii).
Suyra f la mot don anh. Tir (i) co ngay f(n)=n VneZ.
24. Tim tit ca cacham f :N— N théaméin f(n+m)+f(n-m)=1f(3n) YmneNvan>m.
HD:
-Cho m=0tacé: 2f(n)=f(3n) VneN .
-Cho m=n=0 taduoc: 2f (0)= f (0)= f (0)=0.

-Cho m=n tadugc: f(2n)=f(3n) VneN".
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Suyra: f(4m)=f(6m)=f(2.3m)="f(3.3m)=f(9m).

Nhu thé: f(2m)=0 ¥YmeN".Cudiciing VmeN" taco: f(m)= f(3m)=%f(2m)=0.

w|

Kiém tra ham s6: f(n)=0 V¥ne N’ thoa min yéu cau bai toan.

X)

25. Timtat cd cac ham f :Q >R thoamén: f(x+y)=f(x)+f
HD: Tir diéu kién bai toan ta co: f (x+y)—(x+ y)Z: f(x)—x*+f(y)-y>

(y)+2xy vx,yeQ.

bat g(x)=f (x)-x*, nhu vy g(x+y)=g(x)+9g(y).Dédang cé: g(0)=0.Pat g(1)=k.

Chirng minh quy nap: g(nx)=ng(x) VxeQ

Lai co: k=g(1)=g(n.£j=ng(£}:> g(£j=K YneN’
n n n) n

Vi x=me@g+ , ta co: g(x)=g(mj=g(m.£j=mg(£j=m£:kx.Honnﬁ:a
n n n n n

9(0)=9(x)+9(—x)=g(-x)=-g(x). Do do: g(x)=kx ¥xe Q. Suyra: f(x)=x*+kx.

+f(y)
2

e o (x+y) (%) : .
26. Timtat ca cac ham f :Z — R théa mén: f 3 = VX,y €Z va x+Yy chiahét cho 3.

HD:

Vi moi neZ tace: f(n):f(ofnj: f(o);f(sn):Zf(n)zf(0)+f(3n) *)

va f(n):f(”f”j f(n)gf(zn):f(n):f(Zn).

Lsi co: f(n)=f(2n)=f(3n;3nj= f(3”)gf(3”): f (3n).

Vay f(n)=f(2n)=f(3n).Dod6 deydén(*)taco: f(n)="f(0).Suyra f Iaham hing.
27. Tim tt ca cac ham f :N — N théa man diéu ki¢n: 3f (n)-2f (f(n))=n VneN.

HD:

Giasir f 13 ham sb thoa man yéu cau bai toan.

bat: g(n)=f(n)-n.

Khi dé: 2g( f(n))=g(n) vneN (*)
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Ap dung lién tiép h¢ thirc (*) ta suy ra: g(n)=2g(f(n))=2? g( f(f (n))) =.=2"g ( f ( f..f (n))))

Nhu vay g(n) Iudn chia hét cho 2" ¥me N. Diéu ndy chi c6 thé xdy rakhi g(n)=0 hay f(n)=n.
28. Tim tit ca cac ham f :Z — Z théa man diéu kién: f(x3+ f (y))=y+ f*(x) vx,yeZ.

HD:

- Chtmg minh f 1a mot don 4nh?
- Thay y boi —f°(x) thitaco f(x’+y)=0,nghia Ia tn tai sd a sao cho f(a)=0.
bat f (0)=b. Tim cach chung minh f (0)=0?
- Thay y =0 vao diéu ki¢n bai ton ta duge: f(x*)=f*(x) VxeZ.
Tudo f(1)=f3(1)= f(1)=0 hodc f(1)=+1.
Nhung do f 14 don énh va f(0)=0 nén chi xy ra hai kha nang:
a) TH: f(1)=1.
Thay x=1va y boi f(y) thitadugc:
f(1+ f(f(y))): f(y)+f*(1)= f(y+1)=f(y)+Llhay f(x+1)=f(x)+1VxeZ.
Béng quy nap, ta d& dang ching minh duogc: f (X)=x VxeZ.

b) TH: f(1)=-1. D&dang ching minh f(x)=-x VxeZ.

n
Chirng minh rang v4i moi so tu nhién n ta co: Z
i=1

f(2”)—f(2‘)‘§ >
HD:
Cho x=y=2' VieNtacé:‘f(2i+2i)—f(Zi)‘éi—::‘f(?”)—f(2i)‘£1.

Do do: ‘f (2”)— f (2‘)‘:‘f(2n)_ f (ZH

<[f(2)= £ (270 +|F(2) = £ () +ot £ (20) - £ (21)| < -
Vi thé Z f(Z”)—f(zi)‘gi(n_i): r'”i: ”(”2—1)

30. Cho ham s6 f (n) x4c dinh trén tap hop cac sb nguyén duong N” théa min céc diéu kién:
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(i) f(p)=1néu p nguyén to.

(i) f(mn)=mf(n)+nf(m) vmneN
Héy tim gia tri n sao cho f(n)=n.

HD:

Ta xét ham f xac dinh nhu sau:
Vé6i p nguyén td thi f ( pk)= kp*t.

k
Véi n=pp;2..p thidat f(n)= mn
it B

D& kiém tra ham sb trén thoa mén cac diéu kién (i) va (ii). Hon nira d6 1a ham duy nhit thoa man d& bai.

k
Tathdy f(n)=n< ) — =1. T do xéc dinh duge n ¢ dang n=p" vdip 1 s6 nguyén to.
i1 Pi

31. Chung minh ring ton tai v sé cac hamsé f :N™ — N thoa man cac diéu kién:
() f(f(n))=n vneN (i) f(n)=n VneN".

HD:

- Dé chimg minh f 1a mot don anh?

-Giasit f(m)=n,khido f(n)=f(f(m))=m, tir(ii) taphaicé m=n.

-Ham f duoc xay dung nhu sau: chia tdp hop céc s ty nhién duoc phan thanh hai tap v6 han
S={m,m,...; ; T={n,n,..}

vadit f(m,)=n, va f(n,)=m,. Hiénnhién c6 vo han ham f dugc xdy dung nhu cach trén.

32. Hay tim tit ca cac ham ting thuc sy f :N° - N théa man: f (mf (n)) =nf (2m) vm,neN".

HD:

- Chimg minh f 1 don énh?

- Thay m=n=1 vio phuong trinh trén ta dugc f(f(1))=f(2).
-Vi f donénhnén f(1)=2.

- Tir day cho phép ta dy doan f (n)=2n.

- Thay m=1taduoc f(f(n))=nf(2) VneN"

Khidé f(f(f(n)))="f(nf(2))= f(n)f(2)=2f(2n).
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Ta ching minh f(n)=2n vneN".

Giasitrco n ma f(n)>2n.Do f tang thyc sy vasa dung f(n)f(2)=2f(2n) taco:
f(f(n))>f(2n)=nf(2)> f(2n)= 2nf(2)>2f(2n)=f(n)f(2)= f(n)<2n mau thudn,

Gidsirco n ma f(n)<2n.Khidé f(f(n))<f(2n)=2nf(2)<2f(2n)="f(n)f(2)= f(n)>2n,voly

Vay f(n)=2n VneN". Thi lai thiy ding.

33.Cho ham f:N"— N". Gia sit véi moi n taco: f(f(n))< f(n+1).Chingminh f(n)=nvneN".

HD:

Goi a Ias6 nho nhét cita tap hop { f( (1)), F(2), f(f(2)), F(3),.... f(F(n=1)), f(n), F(f(n)),f(n+1),..}.

Khi d6 a phai c dang f(f(n)) vasuyra f(n)=1.

Tiép theo chimg minh f (1)=1 va f(n)>1 khi n>1.

Béng quy nap ching minh f (k)=k va f(n)>k khi n>k. Tirdé dan dén két luan bai toan.

34. Ton tai hay khong mot ham f :R — R théa man f(x+ f(y))> x+ yf (x) véimoi x,y e R?
HD:
Co6. Vidu chon f(x)=¢"
Bat phuong trinh ny tuong duong véi
e > x + ye* @ex(eey —y)z X< et —y>xe™
Diéu nay 1a ding vi ® —y>e’ +1-y>y+1+1-y=2,Vy.

xe™* §1< 2,VX
e

Ham nay c6 mot cuc diém nho nht tai L i x=1 (global minimum)
e
35.Cho T 1a mot s6 chén: Tim tit ca cac ham f :N — N sao cho
F(F(N)=n+T va f(n+1)> f(n)
HD: .
Teddbaitacs f(n+T)=f(n)+T va f(X)>T,vx>T

V6i bt ki s6 nguyén >T thude f(N), tir didu kién f(n+1)> f(n) suyra
f(n+1) = f(n)+1, Vn>T (tréi lai thisd f(n)+1¢ f(N)

Vay f(n)=n+a,vn>T va azg

Vay f(n+T)=n+T+TEt1‘r n+T>T
Nhung f(n+T)=f(n)+T.
Vay f(n)=n+%,VneN.
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36. Pua ra mot vi du vé ham f :[0;1] —[0;1] don anh va khong lién tuc & bat cir di€m nao.
HD:
vxe[0,1]:
f(x)=x néu xeQ

f(x)={x+%} néu x¢Q

Ta c6 thé tim bat ki mot 1an can nao d6 thudc [0,1] cac gid tri a,b sao cho | f (a)— f (b) |>%.

37. Xac dinh tit ca cac ham f :Z — Z sao cho 3f (f (x))-8f(x)+4x=0.
HD:

Taco f(f(x)) :g f (x)—%x,Vx €Z.Thay x bang f"(x)
A [n+2] _ 8 [n+1] 4 [n] \ A
Vay £775(x) = 3 f(x) -3 f'"(x) va nhu vay

£17 (x) = 3f (x)—2x o 6x—3f(x) [Ejn
4 4 3
Tu fI(x) eZ, ta duge 6x—3F(x)=0 nén f(x)=2x la ham can tim.
38.Giastr f:R" — R" la mot ham tang sao cho
f(x+y)+ fF(fX)+f(y)=f(f(x+f(y)+f(y+ (X)), Vx,yeR".
Ching minh rang f (x) = f ().
HD: f (x) 1a ham ting nén ta co thé xac dinh dwoc hai ham duong ting
h(x)> f(x)>g(x): g(x) =ZILnX1 f(z) va h(x)=!ir1] f(2)
F(F(x+f(y)+ f(y+ (X)) > f(x+y) vavaythi f(x+f(y)+f(y+f(X)<x+y
Cho x,y — 0" thi tir bat dang thirc trén chira rang f (x) may be as little as we want and so that
lim f(x) =0 va vay thi XILT f (X) =+

X—>+0

lim £ (x+y) =g(x)

1Lr9 f(F(X)+ f(y)=0

\y/é nhu vay lim (f (x+y)+f(f(x)+ (y))) = g(x)

lim £ (x+ fzy))=0

lim £(f(x)+y)=9(f(x)

Vanhu vay lim (f (x+f(y))+ f(f(x)+y)) = g(f (x))

Va vay thi Jiry f(f(x+f(y))+f(f(x)+y)) ton tai ( do vé trai c6 gioi han) va do d6

e{9(a(f(x))).h(a(f(x)))}

Vay: Vx, hoac g(x)=g(g(f(x))), hodc g(x)=h(g(f(x))) vatu h(x)>g(x), X ta thu dugc tiur hai
truong hop nay g(x) > g(g(f(x))).

Vay g(f(x))=>x,vx f(f(x))>x,Vx

Thay x — f(x): f(f(f(x))> f(x) vavay ( tir tinh ting cta ham sb) f (f (x)) < x

Do d6 f(f(x))=xVvx .b.P.C.M.
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CHUONG III: SO HQC
1. Tim hai s6 nguyén duong thoa man PT: x** 4+ y** = (2013)2011.

HD:

Giastr x,y la hai sb nguyén duong théa man PT d4 cho. Suy ra: X,y < 2013.
Khong mét tinh tong quat, gia si: X>y .

Do 2013 > x nén 2013>x+1 ( xeZ")

Suy ra: 2013 > (X +1)7 = XM 4201177 4.+ 2011 + 1= XM 4+ yPH > x4 2011.x7

)2011

=y > 2011.x*°,

x?M > 2011x%% x> 2011
= . Nhu vdy: 2011< X,y <2013= x=y=2012.

Do x>y nén
y2011 > 2011y2010 y > 2011

2. Tim phan nguyén trong biéu dién thanh sé thap phan cua sé:

Q=\/x2+\/4x2+\/36x2+10x+3 ; xeN".

HD:

Véi xeN" thi:

(4x+1)° <36x° +10x+3<(6x+2)" = 4x+1</36X* +10x+3 < 6X + 2

Cong 4x? vao mdi vé cia BPT trén ta c6: (2x+1)° <4x® ++/36x* +10x +3 <(2x+2)°

= 2x+1<\/4x2 +4/36X° +10X+3 < 2X+2.

Cong thém x* vao mdi vé ciia BDT ta cé: (x+1)2 <x? +\/4x2 +4/36x* +10x+3 < (x+ 2)2

= x+1<\/x2 +\/4x2 ++/36X% +10X +3 < X+ 2.

Vay [Q]=x+1.
3. Chtng minh rang néu X,y,x € N thoa man: x* + y**? = 7% thi Min{x,y} > 2012.

HD:
Khong mét tinh tong quat, gia st X <y thoa man PT :

X2012 + y2012 — Z2012 — Z2012 > y2012 =7> y = 7> y+1

2012

= 7% > ( y +1) Y22 42012y . +1> yP 4+ 2012y

— X2012 + y2012 > y2012 + 2012y2011 — X2012 > 2012y2011 > 2012y2011 (V‘I X < y)
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= x>2012.

Vay Min{x,y} =x>2012.

4.S6 a=1"+9" +19* +2013" v6i k € Z* c6 phai la sb chinh phuong khong?
HD:
V6i keZ vaklé ta co:
1 =1(mod4) ; 9“ =1(mod4); 19“ =—1(mod4) ; 2013 =1(mod4).
Do dé: a=2(mod4). Vay a khong phai 1a s chinh phuong.
5. Chirng minh rang néu x> +2y la mot sb chinh phwong véi x,y € Z* thi x* +y 1a téng cta hai s6 chinh
phuong.
HD:
Taco: x> +2y>X.
Gia thiét= x* + 2y =(x+t)2 VoiteZ =2y =t +2tx=t chin=>t=2k, ke Z".
Do d6: 2y =4k* +4kx =y =2k* + 2kx = x> + y = (x+ k)2 +2kx (dpem).
6. Tim s6 nguyén té p sao cho 2p+1 1a lap phuong ctia mot sé ty nhién.

HD:

RGrang: p=2= p=>3.

Giasir ap+1=t>; teN < 2p=t'-1< 2p=(t-1)(t* +t+1).

Vi (t*+t+1,2)=1 nén t-1:2.

Mat khac do p 12 sb nguyénténén t-1=2 < t=3= p=13.

7. Ching minh rang ¢ vo s6 sb tu nhién a sao cho b =n*+a khong phai 1a s6 nguy#n td véimoi ne N.
HD:

Xétsd a=4k* keN va k>1. Taco:

b=n*+4k" =(n2 —2nk+2k2)(n2 +2nk+2k2).

v6i n* —2nk +2k* =(n—k)2 +k*>1; n*+2nk +2k* =(n+k)2 +k*>1
Vay b khong phai 1a sé nguyén tb.
8. Cho p la sé nguyén té bét ky khac 2 va khac 5. Chirng minh ring trong ddy 9,99,999,9999,... ¢6 vd s6 sd
hang chia hét cho p.
HD:
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Do p lasé nguyén t6 khic 2 vakhac5nén (p,10)=1 (1)

Vi p la sé nguyén t nén theo dinh 1y Fermat nho, ta c6: (10p 10) p :>10( 107 —1)3 p (2
Tur (1) va (2) suy ra: 10°* —1:p=10°""=1(mod p).
Do do, voi moi n nguyén duong thi 10"*Y =1(mod p) =10""Y ~1ip véi n nguyén duong.

Mit khac, 10" —1=99...9. Tir d6 suy ra tdn tai vé s6 sb hang ctia ddy 9,99,999,9999, ... chia hét cho p.
n(p-1)

9. Cho p lasé nguyén t6 1¢. Chirng minh: ch ek (2p+1) chia hét cho p°.

HD:

Taco: T = Zc Cha—(2"+1)= Zc Ch - (icgﬂj
k=0

p-1

cgcg+k+1+c;p—(pjcg+3j Zc( = )+(c;p—2)
k=0

k=1
- Chitng minh: ZC (Chi—1)ip véil<k<p-1 (viCkip).

! —k!
Thatvay: C*,, (PRt (p+1)(p2)-(prk)-k!

kl.p! k!

Vi (p+1)(p+2)...(p+k)=k!(mod p)= (p+1)(p+2)..(p+k)—k! chiahét cho p va k!.
p
Ma (p,k!) =1 suyra: (p+1)(p+2)..(p+k)—k! chiahét cho k!p:>(CE+k 1)Ip:>ZCE(CE+k —1)zp2

1)
- Chirng minh: (Czpp —2)5 p?

2p p o p . .
That vay: (1+ x)zp =(1+ x)p (1+ x)p &) Cx :(ZCLx'j[ZC;xp‘j.
k=0 i—0 =0

1
Dong nhét hé sb cua x” hai vé ta dugc: C, =Zp:( ) c:>C2pp=2+p (CE)Z.

ko0 0
Ciip = (C} ) p* véimoi 1<k < p-1=CJf =2(mod p’)=(CH -2)ip* (2
Tu (1) va (2) suyra: T:p?®.

10. Giai PT nghiém nguyén: X, + X, +...+ X, =1599 V&i X, X,,..., X, € Z

HD:
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Xét n la mot so nguyén tuy y.

- Néu n=2k, ke Z thi n* =16k* =0(mod16).

-Néu n=2k+1, keZ thi n°~1=4k(k+1):8=n*-1:16 < n* =1(mod16).
Do do: X' +X; +...+ X, =r(mod16).

VéireN var<14.

Mat khac, ta c6: 1599 = 15(m0dl6) .

Do d6 : PT d4 cho khong thé c6 nghiém nguyén.
2In+4
14n+3

11. Chirng minh rang véi moi s6 ty nhién n, phan s sau day tdi gian:
HD:

Goi d =(21In+4;14n+3).

Taco: 2In+4=kd ; 14n+3=hd véi k,heZ". Suyra: 7n+1=(k-h)d .

Do d6: 2In+3=3(k—h)d .

Vivay: 1=(2In+4)-(21n+3)=kd -3(k —h)d = (3h—-2k)d = d =3h-2k =1.
Vay phan s6 dé cho t6i gian.

1, +EX5 82

X 1 32 o e
12. Chirng minh B=——x°-—x = x*+==x nhan gi4 tri nguyén véi moi gié tri nguyén cia X.
g 630 21 30 63 35 an g 1 nguy 01 g 1 nguy

HD:
Xét A=x(x*-1)(x* —4)(x* -9)(x* -16)
= (x=4)(x=3)(x=2)(x-1)x(x+1)(x+2)(x+3)(x+4).

A
2579

Con B =i=
630

13. Chimg minh ring v&i moi sb nguyén a,b ta co: (3a+5b,8a +13b)=(a,b).
HD:
Taco: 8a+13b=2(3a+5b)+(2a+3b) ; 3a+5b=1(2a+3b)+(a+2b); 2a+3b=2(a+2b)-b.

Vay (8a+13b,3a+5b)=(3a+5b,2a+3b)=(2a+2b,a+2b)=(a+2b,b)=(a,b).
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14. Cho da thitc P(x) véihé s6 nguyén, biét rang ton tai s6 nguyén duong a sao cho khdng c6 s6 nao trong

cac so P(1),P(2),...P(a) chiahét cho a. Chimg minh rang véi moi s nguyén z tacd P(z)=0.

HD:

Gia st t6n tai s6 nguyén b sao cho P(b)=0. Khid6 ta c6: P(x)=(x-b)Q(x) véi Q(x) la da thirc c6 hé
s6 nguyén. Pat b=aq+r, 1<r<a.Tacos: P(r)=(r-b)Q(r)=-aQ(r):a ( mau thudn gt)

15. Chimg minh ring cac s 2° —1 va 29 -1 la nguyén té cting nhau khi va chi khi p va g nguyén té cling

nhau.
HD:

K can: Gia sir (2°-1,2°~1)=1 va k=(p,q). Dat p=ku,q=kv.
Khi do: 2° ~1=(2")" -1i2" ~1. Twong ty: 2°-1:2" -1.
Nhu vay 2 -1 la mot wéc chung ctia 2° —1 va 29 —1. Két hop véi gia thiét suyra: 2 —~1=1<k =1.
Vay p va g nguyén té ciing nhau.
DK du: Gia sit (p,q)=1. Khi d6 ton tai céc s6 nguyén s,t sao cho ps-+qt=1. Goi d =(2° -1,2°-1),
-XétTH: s>0.Khido t<0.DPat v=-t>0.Suyra: ps—qv=1.Tacéd: 2 -1:2° -1= 2" -1:d .
Tuong tu: 2% —1id . Tir d6 suyra: (2% -1)—(2" -1):d hay 2% (2% % -1):d. Két hop voi dang thirc
ps—qv=1suyra: 2%:d.
Mt khac do 2° —1 [a mot sb 1énén d 1é. Tirdo suyra: d =1.
- Xét TH: s <0, t >0 talam tuong tu.
Tom lai: (2" -1,2° -1) =1.
16. Cho a,b Ia hai s6 nguyén sao cho (a,b)=1. Tim (5% +7°,5° +7°).
HD:
Khong mat tinh tong quat, gia st a>b. Dat s, =5 +7°.
Néu a>2b taco: s, =s,5, , —5°7"S, ,, . Do d6: (S,,S,) =Sy Ss 20 )-
Tuong tu néu b<a<2b thitaco: (s,,,)=(S, S0 )-
Vy tir thuét toan Euclid suy ra néu a+b 1as6 chin thi (s,,s,)=(s,,s,) =12, con néu a+b lasé 1¢ thi
(54:5,) =(S0:8,)=2.

17. Tim [2“ +1,2" —1} véi neN.
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HD:

-Néu n=0 thi 2"-1=0.
-Néu n>0 thi 2“+1=(2”—1)+2.Do do: (2”+1,2”—1)=(2“ —1,2):2.

‘(2“ +1)(2"—1)‘

(2"+1.2"-1) =4t

Suyra: [2"+1,2"-1]=

18. Cho p va 2p+1 1 hai s6 nguyén t 16n hon 3. Chirng minh rang 4p+1 1a mot hop sé.

HD:

Do p la s nguyén t6 1on hon 3 nén p c6 dang p =3k 1.

- Néu p=3k+1thi 2p+1=6k+3=3(2k+1) khdng phai la mot s6 nguyén té nén truong hop nay khong
thé xay ra.

-Néu p=3k-1, k22 thi 4p+1=12k-3=3(4k-1). Do 4k -1>7 nén 4p-+1 Ia mdt hop so.

19. Tim sé nguyén tb p sao cho haisé p+4 va p+8 ciing 1a s6 nguyén té.

HD:

-Néu p=3thi p+4=7,p+8=11 déu 1 nhitng s6 nguyén to.

-Néu p=3k+1thi p+8=3k+9=3(k+3) lahop sb.

-Néu p=3k-1thi p+4=3k+1=3(k+1) Ia hop sb.

Vay p=3 lasé nguyén té duy nhét phai tim.

20. Ching minh ring v6i m>2 , gitta m va m! c6 it nhit mot s6 nguyén t. Tir d6 suy ra rang c6 vo s6 sd
nguyén to.

HD:

Do m>2 nén ml-1>4.Goi p la mot udc nguyén t cia a=m!-1tacod: p<a= P<ml.

Bay gio chimg to6 p > m. Gia sir nguoc lai rang p<m. Khi dé: p 1a wéc cia m! va do o p 13 wdc cua
mb(m-1)=1, diéu nay la vd Iy. Vay p 1as6 nguyén to théa man m< p<m!.

21. Cho rang cac sb tu nhién a,b va n. Biét rang k" —a chia hét cho k —b v&i moi k € Z*,k #b. Chung
minh rang: a="h".

HD:

Taco: k" —b":k—b voi k,beZ va k=b.

Talaico: k" —a:k—b.Suyra: a—b":k—b véimoi beZ, keZ" k#b.

Diéu ndy chi c6 thé xayra < a=b".
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22.Cho A=2"+3":B=2"4+3":C =2""2 +3"?,

a) Chirng minh: A va B nguyén t6 ciing nhau ; b) Tim d =(A,C).

HD:

a) Tacé: B-2A=3".

Néu A va B c6 mot uée chung d =1 thi d[3"=d|2" (Vo Iy). Do d6 A va B nguyén té ciing nhau.

b) Ta co: C—4A=5.3". Didu ndy ching to udc chung 16n nhét cua A va C ¢6 thé 1a 5 hoic 1.

Muén cho (A,C)=5 thi 5| A< nle.

Vay d =5 néun lé; d=1néu n chin.

23. C6 ton tai mot s6 tw nhién n co thé viét dudi dang: n= x4+ y! véi X,y € Z* vd x <y bing hai cach khac
nhau hay khéng?

HD:

Gia str ton tai mot s6 ty nhién n c6 thé viét dudi dang:

N=XHX!=XxHy, VoI X,Y,X,, Y, €Z" Va X, <Y, X, <Y,.

Khong mat tinh tong quat, gia sit 0< X, <X, = ¥; > X,. Do d6: X, 4+ y, -y, X, 1= x Lix,! Vo ly.

24. Tim nghiém nguyén duong cta PT: X2 +X2°% + ...+ X202 = 2011 X, ... Xy,

HD:

Ta corx™ + X% + ...+ Xos = 2012X X, .. Xopp, > 2011X X, ... X0, VO 1.

25. Ching minh rang néu c6 6 sb nguyén a,b,c,d,e, f thoa min diéu kién: a*+b®+c®+d?+e’> = f? thica
6 56 d6 khong dong thoi 1a sb 1é.

HD: ( D& dang chirng minh duoc binh phuong cia mot sb nguyén I chia cho 8 dur 1

Gia str ca 6 s6 d6 déu 1a s6 1¢. Thé thi mdi sb hang & vé trai khi chia cho 8 déu du 1. Nhu vdy ca vé trai chia

cho 8 du 5. Trong khi d6 vé phai 12 s chia cho 8 du 1. Piéu ndy mau thuin.

26. Cho 6 nguyanté p>3 vam, n Ia hai s6 nguyén té cling nhau sao cho 1 =li+%+ +( ! 3
n p_]_

Ching minh ring m chia hét cho p.

HD:

Ta c6: ((p—l)!)z%:((p—l)!)z £112+2_12+

+ la mot sb nguyén.
(p 1)2}
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Mat khac do p la sb nguyén td nén {0%% Ll} la mot hé thang du déy dta theomod p.
p —

p-1)p(2p-3)

Do do: 132+%+...+ . 5124r22+...+(p—1)2 :( =0(mod p)(do p=5 nén

(p-1)

(p,6)=1). Suy ra: ((p—l)!)2 [i+i+...+ 2J=0 (mod p) hay ((p—l)!)Z%S p.

Ma (p-1 p)=1nén m chia hét cho p.

27. Cho s nguyén n>3. LAy n s6 X, X,,..., X, Va Mdisd X, bang 1 hoic —1 sao cho:
XX, + X,X; + ..o+ X X, +% X =0. Hiy ching minh rang n phai 1a bgi sb cua 4.

HD:

Dat: X, =XX,, X, =X, X5, X, =X X,

Mbisé X, bang 1 hodc -1, va X, + X, +..+ X, =0.

Nhu vy néu co p s6 X, bang 1 thiphaico p sb X; bang —1.Suyra: n=2p.

Mt khac: X, X,...X, = (XX, )" =1

Ma X,X,..X, =(-1)". Vay p chdnva n=2p 1a mot bdi sb ctia 4.

28. Chitng to réng s6 444444 +303030+/3 khong thé biéu dién dudi dang (x +y4/3 )2 Véi X,y eZ.
HD:

Néu (A+ B\/§)2 —C+D+/3 thi C = A?+3B2,D = 2AB. Suy ra: (A—Bﬁ)2 _C-D43.

Do d6 néu (x+ yV3 )2 = 444444 +303030+/3 thi ciing cé(x— y/3 )2 = 444444 -303030v/3 <0 V0 ly.

29. Chirmg minh ring da thirc: P(X)= X% + x®% 4+ X777 4+ x*% 4 x*4 4 x¥% 4 x2 4 x"1* +1 chia hét cho da
thre: Q(X) =X +x*+x" +x° +x* +x* + x> + x* + x+1.

HD:

Taco: P(x)-Q(x)= (x9999 —x9)+(x8888 —x8)+...+(x1111 — x)

= ()" <) ( (2 <) et () -1).

= P(x)~Q(x)x" -1 vido do: P(x)-Q():Q(x) = 1= P(x):0(x).

Vin Phi Quéc, GV. Truwong THPT chuyén Nguyén Binh Khiém, tinh Quang Nam a7



Mét sé chuyén d& bai tap Danh cho hoc sinh chuyén Toan

30. Cho p la mot s nguyén t6 théa mdn p=1(mod6) va dat q= [2—;)} :

Ching minh néu i+i+...+ L _m ;. mneZ thi p|m.

34 7 (g-1)9 n

HD:

Taco: p=1(mod6). Bat p=6k+1, suy ra: q=[2—3p}=4k.

.., m 1 1 1 1 1 1
Khid6 —=—+—+...+ = + +ot—
n 12 34 7 (4k-1)4k 2k+1 2k+2 7 4k
1 1 1 1 1 1
= +— |+ |+t —+
2k +1 4k 2k+2 4k -1 3k 3k+1
_ p p p
= + ot —.
(2k+1)4k ~(2k+2)(4k-1) 7 3k(3k+1)
Suy ra: p|m.

31. Tim nghiém nguyén ctia PT: x*+2011x+2012y* +y = xy + 2011xy” + 2013.

HD:

PT < (x*+2011x - 2012) +(2012y” — 2012xy* )+ (y — xy) =1 < (x—1)(x + 2012 2012y* — y ) =1.

Vi X,y €Z nén hai thira s6 trong vé trai ciia PT nay déu 1a udc s cua 1.

32. Cho n la s6 ty nhién, a 1a udc nguyén duong cua 2n?. Chimg minh n? +a khong la sé chinh phuong.
HD:

Giasit n?+a=x? (1) voi xeZ. Theo gia thiét: 2n’> =ka véi ke N.

2
Taco: (1) < x° =n2+2%©(k—)2(
n

? kx
J =k’+2keZ=—¢cZ.
n

Vivay k?+ 2k phai 1a s chinh phuong ( V6 1y vi k? <k?+2k < (k+1)" ).

33. Chung minh ring sb: 222°%° +555%2 chia hét cho 7.
HD:

Taco: 222=7.31+5=222=5(mod7) = 222%° =5 (mod7).

Mat khac: 52 =2554(mod 7)

5°=4.5(mod7)=6(mod7)

5'=6.5(mod7)

2(mod7)
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5°=2.5(mod7)=3(mod7)

5% =3.5(mod7)=1(mod7) = 5% =1(mod 7).
Ma 555=6.92+3 = 5" =5°(mod7)=6(mod 7). Tuc 1&: 222°° = 6(mod 7).
Lap luéin tuong ty, ta ¢6:555 =7.79+ 2 = 2(mod 7) = 555°* = 2°* (mod 7).
2°=1(mod7) = 2% =1(mod7).
Ma 222 =3.74 = 2** =1(mod 7). Ttc 555* =1(mod7).
Vay 222%° +555"” =7(mod 7)=0(mod 7) tirc 1a: 222%° +555?” chia hét cho 7.
34. Tim bo s6 nguyén duong (m;n) sao cho p=m*+n? 1as6 nguyén tb va m®+n®—4 chia hét cho p

HD:

Taco: m*+n°-4=0(mod p) < —-mn(m+n)—4=0(mod p) < 3mn(m+n)+12=0(mod p).
Két hop v6i m*+n°—4=0(mod p) suy ra:
(m+n)3+850(mod p) c>(m+n+2)[m2 +n? +2nm—2(m+n)+4}zo(mod p).

Do p la sb nguyén t6 nén ta c6 2 kha niang:

m=n=1
- TH1: Néu m+n+2§(m2+n2) thi m*+n*<m+n+2< m(m-1)+n(n-1)<2< | m=2n=1.
m=1n=2

Thir lai ta thay: b s (m,n) 1a (1,1),(2;1),(1;2) thoa bai toan.
- TH2: Néu m2+n2+2nm—2(m+n)+4§(m2+n2):>2nm—2(m+n)+4§(m2+n2).
Do 2nm—2(m+n)+4=2[(m—1)(n—1)+1]>0:>2nm—2(m+n)+42m2+n2

(chixayrakhi m=n=1).

35. Tim tit ca cac s6 nguyén té a,b,c sao cho: abc < ab+bc+ca.

HD:
Khong mét tinh tong quat, gia st a<b<c. Suy ra: ab+hc +ca<3bc.

Néu a> thi 3bc < abc = ab+bc +ca < abc mau thuin véi bai ra. Vay a=2 (vi a nguyén td).
. 1 1 1
Do do6: 2bc<2b+bc+20:>E+—>E:>b<5.
c

- Véi b =2=c nguyén t} bat ki.

Vin Phi Quéc, GV. Truwong THPT chuyén Nguyén Binh Khiém, tinh Quang Nam 49



Mot s6 chuyén dé bai tap Danh cho hoc sinh chuyén Toan
-V6ib=3=c=3 hodac c=5.

Vay nghiém ctia bai todn 1a: a=2,b=2,c= p nguyén t va cac hoan vi, hoic a=2,b=3,c=3 va cac hoan
V1.

36. Chirng minh ring v&i moi sé ty nhién n> 2 ta co: ZCZHLK C! . chia hét cho 4",
k=0

HD:

i n o 2k(2n+1)! 2041

Taco: Y CA Mt (n—k kCna =
kZ(; 2n+1 nk — k=0 )C2n+1 kZ(; 2n+1 k=12_(2k)!(2n—2k+1) 2 =

Mit khac 4" = (1+1)"" —(1-1)" = 220;?*1.

Nhu vay: ZCM Cr=(2n+1)4" 4",

k=0

37. Chimg minh rang; zczzrf:fZSk khong chia hét cho 5 voi moi n 14 s6 ty nhién.

k=0
HD:
2n+1 2k 2k+1 2k+1
Ta co: (1+ X z C2n+l = ZCZnuX + ZCZnu
k=0
n
2n+1 2k 2k 2k+1 2k+1
1_ ZCZnuX _ZCZnuX ZCZnu
k=0 k=0

2
suya: (1) (13" = St | -(Sen]
Cho x=+/8, tir (¥) suy ra: 7" = A*—8B? v6i A=) C;¥,2% , B=) Ci12*.
k=0 k=0

Vi (-7

)2n+1

=+2(mod5) nén :

- Néu B:5 thi A*=+2(mod5) (**)
Tuy nhién Vae N, a=5k,a=5k+1,a=5k+2.Taludncé: a*=0(mod5); a’ =1(mod5); a* =4(mod5).
Suyra: A*#+2(mod5) (***).

Tir (**%) va (***) ta c6 diéu mau thuin.

Vay B khong chia hét cho 5.

38. Tinh: [(45+ V1999 )1999} , trong d6:[a] la ky hiéu phan nguyén cua so a.
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HD:

1999

k
Taco: (45+1999)  +(45-+1999) chkggglgggz 45155 +Z Ch, (1) 19995 45

999

= 2) Cl36e199945°% % =2m véi me N,
k=0

Ma 44 <1999 <45=> 0 < 451999 <1=> 0 <(45- 1999 )1999 <1

999

Nen [(45 ¥ \/1999)1999} = 2m—1véi m=Y C2%,1999" 45" %
k=0

39. Chung minh rang: [(2+\/§)n} 4 56 1¢ v&i moi s ty nhién n.

HD:

5 X=2++/3
at
y=2-3

bat: S, =x"+y".

= X,y la nghiém cua PTX*+4X +1=0.

Ta co: Sml=x”*1+y”*1=(x+y)(x”+y”)—xy(x”’1+y”’1):48n—SH
Suyra: S,,,—4S,+S,,=0.
$,=2,5,=4=S5,e€Z VneN.

Vi 0<2-+/3<1 nén 0<(2—ﬁ)" <1
Do do: (2+\/§)n+(2—\/§)n—1<(2+\/§)n <(2+\/§)n+(2—\/§)n.
Suy ra: {(2+\@)"}=(2+\@)"+(2—\@)"—1 lasé 1e (vi S,,S, chinnén S, chin).

40. Ching minh rang biéu thic A= (9 +4\/§)n + (9—4\/§)n nhan gia tri nguyén va khong chia hét cho 17

V&1 moi gia tri nguyén cua n.

HD:

Lam tuong ty nhu bai 39

41. Tim n nguyén duong sao cho: [%] +[§/§] +...+[\3/n3 +2n +4J =7225.
HD:

Vi me N, xét | Im [=k o k<[ Im |<k+le K <m<(k+1)’ -1,
Suy ra: véi mdi k cho trude, s6 cic s§ m théa: | ¥m |=k 1 (k+1)°—k® =3Kk* +3k +1,
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Goi tong tuong tng ctia ching 12 S, , taco: S, = k(3k2 +3k +1) =3k*+3k* +k.

Do: [{’/n‘"’ —1J=n—1 ; [Q/FJ=[\‘°’/n‘°’+1}=...=[\3/n3+2n+4}=n Vi n>2
n-1 4 3 2
Nen [Y2]+[¥2]+...+|¥n"+2n+4 - S, +(2n+5)n=. =N AT HITHA0N _goog

1 4

D¢ dang tim duoc: n=10.
42. Cho p laso nguyén to khac 2 va a,b la hai so ty nhién 1é sao cho a+b chiahét cho p va a—b chia

hét cho p—1. Chirng minh rang: a° +b?® chia hét cho 2p.
HD:

Giasr a=b.

Goi r la du trong phép chia a cho p thi a=r(mod p).

Do a+bip nén b=-r(modp).

Suyra: @’ +b* =r’—r*(mod p) hay a®+b* = rb(l—ra’b) (mod p).
Mat khac: a—bip-1nén a-b=k(p-1).

Vi r khong chia hét cho p nén theo dinh Iy Fermat nho ta co:
r"* =1(mod p) = r*** =1(mod p) = r** =1(mod p).
Turdo suyra: @’ +b* =0(mod p) tuc 1a: a°+b*ip.

Ngoai ra a°,b? la cac sb nguyén lé nén a° +b*:2.

Vay a° +b*:2p.

N A 5 , A1~ ” Y 1 1 Y z A A
43. Tim tat ca cac so hitu ti dwong X,y sao cho x+y va —+— la cac so nguyén.

X
HD:
X+y=m (x+y=m
Diat £+£:n© xyzm = X,y la nghiém ctia PT: nX>—mnX +m=0.
Xy n

Taco: A=mn(mn-4)

-Néu A=0< mn=4. Giai tim m,n sau d6 tim X,y .

-Néu A>0<mn>4. Ma (mn-3)° <A <(mn-2)" = A khdng Ia s6 chinh phuong
= Khong ton tai X,, X, € Q.

CHUONG IV: HINH HOC PHANG

1. Gia st M 1a diém nam trong aABC. Goi A',B’,C’ lan luot 14 hinh chiéu cia M trén cic dudng thing

2 2 2
BC,CA, AB . Chirng minh rang: _MA_ ), MB o MC >3
MB’ + MC’ MC’ + MA’ MA’ + MB’
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MB'+ MC' MB’' MC’

Ta co: - n —sin MAB' +sin MAC'
MA MA MA
. MAB'+MAC'  MAB'-MAC' . . A
= 2sin .COS <2sin—
2 2
Suy ra: MA > l .
B A C MB'+MC' 2sin A
Chirng minh tuong tu ta dugc: MB > . MC > !

MC'+MA’'  2sinB ' MA'+MB’ 2sinC’

2 2 2
Khi do: __MA + MB + MC zi ! + ! + !
MB'+MC’ MC'+ MA’ MA'+MB') 4| A 2B o.C

2
A X, a2 , . 1 1 1 1
Ap dung bat dang thitrc AM-GM ta co: + >3.
2 A 2 B - 2 C 3 - 2 A - 2 B - 2 C
sin®— sin“— sin“— SIn® —SIn”™ —SIn™ —
2 2 2 2 2 2
Ta c6 bat dang thirc: sin2sinBsinC <1
2 2 2 8
Do do: ! + ! 3 1 =12.
) A .9 B C 1
SIn®— SIn" — — =
2 2 8}

A MA 2 2
Vay + >3
MB’+ MC' MC' +MA’ MA’+ MB'

Déu "=" xay ra <> aABC déuva M [ trong tdm tam giic nay.

2. Cho aABC . Cac dudng phan giac xuit phat tir A, B,C cét duong tron ngoai tiép aABC tai A',B’,C’
tuong tmg. Chirg minh: AA’.BB'.CC’>16R’r .

Ap dung dinh 1y Ptolemy cho tir gisc ABA'C ta co:

AA'.BC = AB.A'C + AC.A'B hay aAA' =cA'C +CcA'B

Do AA’ latia phéan giac BAC nén A’ la diém chinh gitra cua cung BC.

Suyra: aAA'=(b+c)A'C = (b+c)2Rsin§ ( theo dinh 1y sin)

SN

A
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2R(b+cC
= AA’ =gsiné.
a 2
2R(a+c 2R(a+b
Chirng minh tuong tu ta dugc: BB'=¥SM? ; CC'=¥Sin%.
c

8R*(b+c)(a+c)(a+b) . A B . C

Khi d6: AA'BB'.CC'= sin—sin—sin —
abc 2 2 2

Do r =4Rsin§sin%sin% va (b+c)(a+c)(a+b)>8abc nén AA'BB'.CC'>16R?r .

3. Cho ~AABC thoa m,+m, +m, = %(a-ﬁ- b+c). Ching minh rang it nhat mot trong ba bat dang thirc sau
Xdy ra: m, =£a, m, =£b, m, =£.
2 2 2
Gidi
A Theo gia thiét: ma+mb+mc=£a+—3b+—30 )
2 2 2
2 2 2
Pa biét: m? +m? +m? = ﬁa 30 4 e 2)
2 2 2
5 C
Tu (1) va (2) suy ra: mym, +mm, +m.m, =—3a—3b +—3b—30 +£c—3a 3
2 2 2 2 2
Binh phuong hai vé cua (3) ta duge: m,mm_ = Ta.gb.gc 4)
Tu (1), (3) va (4) suy ra: \/27 { { ¢ la 3 nghiém cua mot phuong trinh bac 3.
8, foy

Gia su a<b<c:>—a< b<—c

Ta c6 két qua quen thudc sau: m_ <m, <m_.

V3

Tir cac nhan xét trén dé dang suy ra: m, = Tb :

4. Cho aABC ¢6 3 goc nhon véi truc taim H . Goi dién tich cac tam giac HAB, HBC, HCA lan luot 1a:

2(51+Sz+53)>5
27 Tr

S,,S,,S,. Chimg minh rang aABC déu<>
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HD:
A tacs BSES S 1 [(5,48,)+(5,+5,)+(S,+S)) ’
B " 2785,S,  SS,S, 3
o
H > 81+SZ.SZ+S‘°’.S‘°’+81 ( bt dang thire AM-GM).
S S, S
B A C  Goi A,B',C’ lan luot la cic chan dudng cao.
Taco SitS:_HB _HB HA sinHAB 1 _  cosB
" S, HB'" HAHB' sinHBA sinHAC cosAcosC '
Chang minh tuong tu ta dugc: S5 c0sC ; Si*5 __ CosA :
S, cos AcosB S, cosBcosC
Khidés+s S,+S,; S+S 1 S 8
S, S, S, " cos Acos B cosC (cos A+cosB)(cosB+cosC)(cosC +cos A)
. A.B.C r
sin —sin —sin —
2
4 . S;=5,=5, A
Dau "=" xdy ra< <aABC deu.
A=B=C
9R

5. Cho aABC . Chirg minh rang: m, +m, +m, £7.
A Giai
D4 biét: sin? A+sin? B+sin*C S%.

Ap dung bét dang thirc Cauchy-Schwarz ta co:

vc ma+mb+mc£\/3(m§+m§+mf)=\/3%(a2+b2+c2)
\/9R sm A+sin®B +sin® C)<‘/9R2 J 9R.
4 2

2 2 2
6. Ching minh rang: aMA? + SMB? +yMC? Za—ﬁ}/(a_+b_+c_j , Va, B,y >0, YM e(ABC).
a+p+y By

w

HD:

Dungd1em|e(ABC)SaOChO alA+BIB+7yIC = 0@05( )+ﬁ( )+7(IM M—C)za
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<:>(a+,8+;/)m:—(am+ﬁm+yM—C)©W:_ Iy S A vT- S A vTo
a+p+y a+p+y a+pf+y

B Y

Pit x=— 2% y= 7= .
a+pP+y a+p+y a+p+y
Khi do:

IM = —(xm+ yMB + ;/M—C) = IM? = x*MA? + y2MB? + 22 MC? + 2xyMAMB + 2yzMBMC + 2zxMAMC

= x’MA’ + y’MB’ + 2°MC? + xy (MA® + MB? — AB® ) + yz( MB? + MC’ - BC? )+ 2x(MC’ + MA? - AC?)
Do IM? >0 nén suy ra duoc diéu phai chimg minh.
Déu "="xayra<> M =1 .
7.Cho aABC . Ching minh ring: m,.m,.m, > py/r,.5,.r,.r
HD:
Taco: S=pr=(p-a)r,=(p-b)r,=(p-c)r,.
Suyra: S‘=p(p-a)(p-b)(p-c)rhrr=Srnrr=S=Jrnrr (1)

2(b*+¢*)-a s (b+c)’—a*> (b+c+a)(b+c-a)

Mit khac: m? = 2 > . = n =p(p-a)=m,>,/p(p-a).
Tuong ty chirng minh dugc: m, > ,/p(p-b) ; m > /p(p-c).
Suy ra: mm,m_ > p\/p(p—a)(p—b)(p—c) =pS (2)
Tu (1) va (2) suy ra: m,.m,.m, > p/r,.L.r.r.
8. Cho aABC . Chimg minh rang; £+£2ﬁ.
R r 2p

o
j--N]
=1

Tacd: abc=4R.S =4Rrp.

Ap dung bét ding thitc AM-GM ta c6: (2p)’ =(a+b+c)’ >27abc = 27.4Rrp = p2 > 2—27 Rr (1)

\/p{(pa)+(pb)+(pc) :
_s_yp(p-a)(p-b)(p—c) _ 3 )

Mar=—-=
p p p 33

Suyra: p=3J3r  (2).
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Tu (1) va (2) ta duge: p° 2¥er = 3/4;‘ . >ﬂ
r

SETS

Lai 4p dung bét ding thirc AM-GM ta Cé:£+£=£+i+i23‘3/ L 5 Zﬁ
R r R 2r 2r 4Rr 2p

2012

9.Cho 2012 diém A, A,,..., Ay, thuge duong tron tim O ban kinh R =1 sao cho: » OA =0. Hay x4c dinh

i=1
2012
>ey

vi tri diém B thudc mit phang chira duong tron ndy sao cho: M = — I6n nhat.

> en

i=1

o
j--N]
P

Vé6imoi i =1,2,...,2012 ta co:
o4 {5 - O 08| -{0% ~08[(0% 080 -0 ~50A

2012 _ 2012
Suyra: )" BA >2012-0B.> OA =2012.
i=1

i=1
Dau "=" xay ra<> BA TT OA v&imoi i=12,..,2012 < B=0.

Khong giam tinh tong quat, gid si: BA <BA, <..<BA,,,,.

" . e BA <BA <..<B
Ap dung bat dang thirc Trebusep cho hai ddy don di¢u tang: { A <B4 P ta dugc:

BA’<BA’<..<BA),

(20212 BAJCOZH BAij 2012(2'0212 BA{‘j: M <1

i=1 i=1

, BA =BA =..=B
Déu”=”xéyra©{BAEO & A2°12©BEo.vay maxM =1

10. Trong tat ca cac tt giac 16i ABCD ¢6 chu vi bing 1, tim tir gidc sao cho biéu thirc:

AB* N BC* N cD* N DA*
(AB+BC)sinB (BC+CD)sinC (CD+DA)sinD (DA+ AB)sin A

dat gia tri nho nhat.

a’ b? c? d?
+ + + .
a+b b+c c+d d+a

bat: AB=a,BC=b,CD=c,DA=d va S=
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a’—-b*> b*-c* c¢?*-d®> d?-a’ . a?+b?> b*+c® c*+d? d?*+a’
+ + + =0 nén 2S = + + + .

a-b b-c c—d d+a a+b b+c c+d d+a

Do

A L 42 , . 1 1 1 1

Ap dung bat dang thirc Cauchy-Schwarz ta c6: 2S 25(a+b)+5(b+c)+5(c+ d)+E(d +a)=1.

Déu"="xayrac>a=b=c=d = % Lai 4p dung bat dang thirc Cauchy-Schwarz ta co: %S S?<..<4P.
1 An_n 2 5 1Y A A < 1

Suyra: P> TS Dau "=" xay ra << ABCD Ia hinh vudng c6 canh bang 2

11. Cho ttr giac 16i ABCD c6 dién tich bang % thoa AB+BD+DC <2.Tim AC?

Giai
B Giase AB=x,BD=y,CD=1z.Khido: x+y+z<2
x c SAABDéixy, SABCDSEyz, SABCD:ESEy(x+z):> y(x+2)=1
2 2 2 2
A Nhung x+2<2-y< y(x+2)<y(2-y).

Suyra: y(2-y)>1e (y-1)° <0 y=1; x+2z=1 va tht ca cac bit

dang thirc tro thanh dang thuc.

Nhu vay AB L BD,CD L BD

Ha AK vudng goc v6i dudng thing CD.

Ap dung dinh ly Pythagore trong tam gidc vudng AKC :

AC =JAK? +KC? =12 +12 =/2..

12. Tam gidc ABC ¢6 C = 45°. Chimg minh ring: AB* =(BC? — AB?) +(CA? - AB?)".
Giai

A
Ap dung dinh 1y ham s6 cosin ta ¢6:

c b ¢® =a’+b? —2abcos45° = a +b* —/2.ab

{az _c?=2ab-b? |(&° —cz)2 = 2a%h? - 24/2ab® +b*
a Cc

b2_2_\/§b_ 2:> 2 2)\2 2.2 3 4
c*=+2ab-a (b —c) =2a’h?-2y2a% +a

:>(a2 —c2)2+(b2—cz)2 :(¢312+b2—\/§ab)2 :(cz)z.
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13. TG giac ABCD noi tiép duong tron tam O, ban kinh R =+/5 . Hai duong chéo cta tir gidc vudng goc voi

nhau tai K va OK =1. Goi S la dién tich ctia tam giac KCD .Chirng minh: 1< S <4,
Giai
V& duong kinh AE . Khi d6 BD//CE = CBDE la hinh thang can, din d¢én BC = DE .
Mit khic, KA* + KB® + KC? + KD* = AD* +BC? = AD*+DE*=AE* =20 (1)
4 4

Lai c0: KAKC = KBKD =|OK* ~R’|=4 = KA=—" KB=—— )
KC KD
\ o (o2 o 2 16
Thay (2) vao (1) ta ¢6: 20 =(KC’ + KD )(1+m

> 2KC.KD 1+%)=4s( 16} 45410
KC?KD 457 B
<:>528+§©82—58+4§0c>1£8£4.

S=1<KC=KD=+2
S=4< KC=KD=22.

14. Trong tu giac 16i, tong cac binh phuong cac canh va duong chéo bang m. Chimg minh rang dién tich cua
tur gidc khong vuot qua % .
Giai
Theo diéu kién bai toan ta co:
m=a’+b*+c’+d*+e” + f?>2ab+2cd + 2ef

VaSABC_;ab SAACD_ cd

Suyra: S é%(ab+cd).

Mat khac S =%ef Siﬂ(pé%ef < 2S <ef .

Laico: 2S <ab+cd < 4S <2ab+2cd.
A m
Nhu vdy m>8S < S SE.
15. Cac duong phan giac AA',BB’,CC’ cua aABC bit ky cit nhau tai diém K . Ching minh rang:

\/KA’ \/KB’ \/KC’

Giai
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Ta s€ chung minh: KA__a ?
b+c
DétA’B=x:>A’C=a—x.Tacé:Lzﬁzgcbx=ac—cxcx=£.
a-x AC b b+c
ac
ﬁ=ﬁ=§=b+c:i.Chl’J:ngminhtu:ong‘ug:tachrqc: KB _ b ; KC S
AK AB ¢ c b+c BK a+c CK a+b

Bt dang thic can ching minh c6 dang:\/ a +\/ b +\/ ¢ >2
b+c Va+c \Va+b

A
ﬁﬂ
ApdungAM-GMtacé: a 2,/b+cc>£2,/H
2 a a a
- |-& .a
b+c p

oo

Chirng minh tuong tu ta dugc: ‘/L > b ; S >
a+c p a+b

Cong vé theo vé cuia ba bit dang thirc nay ta dugc diéu phai ching minh. ‘
16. Cac duong phan giac AA’,BB',CC’ cua aABC bat ky cat nhau tai diém K . Ching minh rang:

[AK BK CK _2
AA' BB’ CC' ™ 3’

Dé dang chirng minh duoc: AK . BK . CK = (a+b)(b+c)(sc+a) : &_%_C_K:z
AA" BB’ CC’ (a+b+c) AA" BB’ CC’

Str dung bat dang thirc AM-GM ta suy ra dugc dpem.
17. Cho tam giac ABC va diém M tly y trong mp(ABC). Tim gia tri nho nhat ciia biéu thirc:

MA MB MC
P= + +
a b c
Giai

a’ +b? +c?

243

Taco: 4m? :Z(b2 +C2)—az = 2(b2 +c? +a2)=4m§ +3a’ > 4m,ay/3 = am, <

Goi G latrong tam aABC.

knido: MA_MAGA, WAGA _ 33y Griga= 3P (G GAson)
a aGA a+b+cg a‘+b+c a‘+b+c
2J3 '3
Lam tuong ty voi @; M—C
b c
. 3\/é 2 2 2
Suy ra; sz(GA +GB’ +GC?)
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Dé y rang: GA? + GB? +GC? = 3(a +b?+c )

Suyra: P>.3.
18. Cho aABC . Ching minh rang: T—a+T—b+T—°233 % :
a b c
2 b
Tacd: h, = 25 _ \/pp 3)(p-b)(p-°) = 2 be.p(p-a)
a a b+c
b -b)(p- 2 -b)(p-— (s
Suyra:£=( +C) (p )(p C)Z (p )(p C) ( bat dang thiee AM-GM)
1, av/bc a
Lam tuong tu cho?—b X T—°?
b c
—b)(p=- _ _ _ _
RN o o o
a b c

Lai 4p dung bét dang thirc AM-GM ta co:

J(p-b)(p-c) (p-c)(p-2) J<p—a><p—c>>3\/<p—a><p—b><p—c>
b

a

suyra: oyt hc>6\/(|0 a)(p b)(p—c) / o or i/:
[ . p4RS 4pR

19. Cho lyc giac 16i ABCDEF thoa man: AB=BC, CD =DE, EF =FA.
BC DE FA 3
BE DA FC 2

Chirng minh rang;

Gidi
c Ap dung bét dang thirc Ptolémé cho tir gidc ACEF, ta ¢6:
AC.EF +CE.AF > AECF = AF (a+b)>cCF =+~ >
5 FC a+b
D
Chirng minh tuong tu cho E BC ?
DA ' BE

Khi do: BC DE+FA a+b+c>3
BE DA FC b+c c+a a+b 2

A
v ( bt dang thirc Nesbit)
E

F

20. Cho aABC . Ching minh rang: r? + 2 +r’>>m?+m? +m? (1). Dau "=" xdy ra khi nao?
Giai
Jp(p-b)(p—c)
p—a

Taco: S = \/p (p-a)(p-b)(p-c)=(p-a)y,=r,=
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\ 3
Va m§+m§+mf=z(a2+b2+cz).

Khi dé: (1) & p{(p_b)(p_c)+(p_c)(p_a)+(p_a)(p_b)}zﬁ(azmucz) @)

p-a p—b p-c 4
P=X+Yy+2Z

Détx:p—a,yzp—b,z=p—c:>{ :
a=y+z,b=z+x;c=x+y

. yz zx Xy |_ 3 2 2 2
(2) thanh: (x+y+z)(7+7+7jzz[(y+z) +(z+x) +(x+y)} (3)

Ta s& ching minh bét dang thic (3)

That vay, VT (3)=xy + yz+zx+x2(1+£j+ y2(5+5j+22[5+lj
z y z X

> XY+ YZ+ X+ 2%+ 2y% + 277 2%(x2+y2+zz+xy+ yz+zx):VP(3).

21.Cho M 1a mot diém nim & mién trong aABC va N,P,Q la ba diém thang hang nam trén c4c canh

. S
AB,BC va CA. Chirng minh rang néu Swan , Swee _ 5 |29 i Np//AC

MEN  Swce MCQ
Su dung dinh ly Menelaus ta co: ME% =1.
NB PC QA
Do do: SMAN .SMBP _SMCQ =1 hay SMAN _SMBP — SMQA .
MBN “MCP SMAQ Suen  Swice SMCQ
A
N M
C
5 P\
. Q
Tt di€u kién bai toan ta duoc:
Syan + Syep -2 Swan .SMBP PN Syan — Swep . Nhu vay M:E:} NP//AC .
Suen  Swcp Suen  Swice Swien Mcp NB PC

22. Trén canh BC ctiia mot aABC, xét hai diém M, N thoa min

A BAM =CAN .
Chirng minh rang; MB + NB >2 AB :
MC NC ~AC
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Mt s6 chuyén dé bai tip Danh cho hoc sinh chuyén Toan
Su dung dinh ly Steiner ta c6:
MB.NB  AB?

MC.BC AC*’
Ap dung bat dang thirc AM - GM ta dugc:

MB NB MB.NB AB
+ >2 =2 )
MC NC MC.NC AC

23. Cho ABCD la mét hinh thang véi day AB va CD. Chimg minh rang:
AB’-BC’+AC® AB’-AD’+BD’ AB
CD?-AD?+AC? CD?*-BC?+BD®> CD’

A B Tur dinh 1y Cosin trong tam gidc ta suy ra:
— 2AB.AC cos BAC = AB? — BC? + AC? 1)
2DC.AC cos DCA = CD? — AD? + AC? )
2AB.DBcos DBA = AB? — AD’ + DB? (3)
D C  2DC.DBcosCDB = CD? — BC? + DB? (4)

Lu:u)'/réng: BAC = IITCTA DBA = CDA.

AB?-BC”+AC? AB’-AD’+BD’ AB

CD?-AD?+AC? CD?-BC”+BD”* CD'

24. Cho ABCD la mét hinh thang khéng c&n véi day AB va CD . Chirng minh rang:
AC?-BD? AB+CD

AD?-BC2 AB-CD’

Tir (1) va (2), (3) va (4) ta thu duoc:

Giai

- Tir C ké duong thang song song véi BD cit
AB tai E.
Ap dung cong thirc Stewart ta duogc:
AC?BE +CE*.AB-CB”.AE = AB.BE.AE

e

B E
Vi CE =BD va BE =CD nén suy ra:
ACZ.CD+BDZ.AB—BCZ.(AB+CD):AB.CD.(AB+CD) (¢D)]
Tu D ké duong thing song song véi AC cit AB, roi lam tuong tu nhu trén ta ciing thu dugc:
BDZ.CD+ACZ.AB—ADZ.(AB+CD):AB.CD.(AB+CD) 2
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Tir (1) va (2) suy ra: (AC® —BD*)(AB-CD)=(AD’~BC’)(AB+CD).

CHUONG V: DA THUC
1. Tim tit ca cac da thirc khong 13 hang s6 P (X) sao cho:
P(X)P(x +1) = P(x2 +X +1).
Giai
Gia str a 1a mot nghiém cua da thac P (X) . Khi d6 a* +a +1 ciing la nghiém cta da thic P (X) :

Tir diéu Kién bai toan thay x boi x —1 ta duge: P (x)P (x —1) =P (x2 X+ 1).
D& thay a® —a + 1 ciing 1a nghiém cua da thic P (X) .
Chon a 1a nghiém c6 modul 16n nhét (néu c6 vai nghiém nhu thé thi ta chon mot trong chung). Tir cach chon

ta suy ra: a2+a+1‘§‘a‘ ; az—a+1‘§‘a‘.

Ap dung bit dang thirc vé modul ta c6: ‘Za‘ <@*+a+1

+‘—a2 +a—1‘ < ‘a‘+‘a‘ =‘2a‘.
Nhu vay, ddu “=" xay ra & cac dang thuc trén. Suy ra: a> +a +1=k (—a2 +a - 1) .k > 0.

Néu

az—a+1‘+

a2+a+1‘< az—a+1‘> a2+a+1‘22‘a‘,vély.

a’ —a+1‘ thi 2

Tuong tu: néu

a2+a+1‘>

a’ —a+ 1‘ thi ciing dan dén mot didu vo ly.

Viay

a2+a+1‘=

o’ —a+1]. Tirdo k =1 vataco
a’+a+l=-a’+a-loa’=-lca=Hi.
Nhu vay x? +1 [a thira s6 cua P(X).Do dé:Q(X)=(X2+1)mP(X).

Ta di dén két luan rang Q (x) =C.Suyra: P (x)

Thay vao diéu kién bai toan ta thu dugc C =1.

C(x2+1)m.

Vay P (x) = (x2 + 1)m la da thre cAn tim thoa yéu cAu bai toan.

2. Tim da thic P (x) thoa man: P (P (x)) +1= [Pz (x) +2P (x) + (x2 + 3x +1)2T.
iai

Giai
R& rang: da thirc P (x) =0 khong thoa man.

Goi a, lahé s6 cao nhét cta P (x) .
H C AN A . £, N n
Khai trién hai vé thi s6 hang 16n nhat cua P (P (x )) +1 1a:a, (aox”) =a X",

Con sb hang 16n nhat cua [PZ (x) +2P (x) + (x2 +3X + 1)2} la:

n\? 42 2 2 8 .z < U8 A
(aox ) + X =(a0+1)x néu N =2 hodc x° néun <2.

“Néun<2thix" =x®*=>n’=8 ,volyvineN".
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-Néu n > 2 thi ag”xnz =ax*.Suyra:n=4a =1.

Do d6 da thirc can tim ¢6 dang: P (x) =x*+ax®+bx’ +cx +d.

Pt Q(x) =P (x) - (x* + 3 +1)2+1.

Diéu kién bai toan da cho twong dwong véi:

P(P(x))+1=[P?(x)+3P(x)+1-Q(x)]
o P(P(x))—[Pz(x)+3P (x)+1}2 +1=Q(x)[Q(x)—2(P2(x)+3P (x)+1ﬂ
@G(Q(x)):Q(x)[Q(x)—Z(PZ(x)+3P (x)+1)]

NéuQ(x);tO ta dit degQ =k < 3. Khi do: 4k =k + 8, khong ¢ nghiém k eN.DodéQ(x)EO.

Vay P (x) :x(x +1)(x +2)(x + 3).

3. (USA 1976). Gia sir céc da thic P (x),Q (x),R (x),s (x) théa méin ddng nhét thuc:

P (x5)+xQ (x5)+x2R(x5) = (x4 +x2+ X% +x +1)S (x)

Ching minh ring da thic P (X) chia hét cho da thuce x — 1.

e 2r . . 2w . 5 3 4 s 2 L, N
Cach 1: bat ¢ =COS?+ I Sln? thi 1 &,¢% ¢°,&" lacac nghiém phtc cia phuong trinh x> =1.
Tir diéu kién bai toan lan luot thay x bing &, &% &% &* rdi cong tat ca lai véi nhau ta duoc: P (1) =0. Do

d6: da thic P (x ) chia hét cho da thirc x —1.

Céch 2:

Giastr S (x) =S, +SX +...+8 X".

Nhan hai vé cuia ding thirc d4 cho véi x — 1 ta co:

(x - l)[P (x5) +xQ (x5) + sz(XS)} = (x5 —l)S (x)

hay P (xs) +(x5 —1)81 (x) = —(x5 —1)82 (x) +xP (xs) + (x2 —x)Q (xs) + (x3 —x)R(xS)

voi S, (x) =5, +5X° +5, X" +...+s5. x"" vas, (x) =S (x) -S, (x)

Vé trai ctia ddng thirc ndy chi c6 mit véi lily thira 12 boi cua 5, con vé phai vai lity thira khong 12 boi ciia 5 nén ca
hai vé cua dang thire bang 0 (do so sanh hé s cua hai da thic).

Tir d6 suy ra: P (x5) - —(x5 - 1)51 (x). Thay x =1 ta dwoc P (1) = 0. Theo dinh Iy Bézout ta suy ra: da thirc
P (X) chia hét cho da thuc x — 1.

4. Tim tét ca céc da thie hé s6 thye sao cho P (2) =12 va P (x*) = x* (x* + 1)P (x).

D& thay degP = 4.

Thay x =0,x =1x =i taduoc P (0)=P (1) =P (-1)=0.

it P (x) =x"Q (x) . D& dang tinh duoc: k = 2.
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Do d6: P (x) =Cx’ (x2 —1). Két hop véi P (2) =12 tatinh dwoge C =1.

Vay P (x) = xz(x2 —1).

5. Cho da thitc P (x ) thoa man diéu kién:

P (2013) = 2013! va xP (x —1) = (x —2013)P (x).

Chirng minh rang da thirc Q (X) = P? (X) +1 la bat kha quy.

RS rang: P(x) =0 Véimoi X e {0;1;2;...;2012}.

bat P (x) = x(x —1)(x —2)...(x —2012)R(x).

Thay vao gia thiét bai toan ta duge: R (x) =R(x - 1). Do dé: R (x) =C.

ViP (2013) = 2013! nén R(x) =1.Suyra: P (x) =x(x —1)(x ~2)...(x —2012).

Gia st ton tai hai da thic U (x),v (x) sao cho: Q(x) = Pz(x)+1:U (x)v (x) voi degU,degV >1 va
degU < degV .

R6 rang U (X )V (x) >0,¥x € R nén trén tap R hai da thic ndy cing &m hodc cing duong. Gia sir rang
chiing cung duong. Khi d6 néu degU < 2013 thi da thirc U (X) —1 c6 bac bé hon 2013 nhung c6 2013
nghiém nén 1a da thic 0. Suy ra: U (x) =1,v0ly.

Néu degU =degV =2013 thi da thirc U (x)—v (x) c6 bac bé hon 2013 ma cé 2013 nghiém nén
U (x) =V (x)

Viy Q(x)=P?(x)+1 la bt kha quy.

6. (VMS 2009). Cho P (x) 1a da thirc bdc n . Ching minh rdng phuong trinh P (x) = 2* ¢6 khong qua
n +1 nghiém.

Cach 1:Xéthamsé: f (x) =P (x)-2".

Taco: f'(x)=P'(x)-2'In2 = .=t (n) =P (x) - 2" In"2..

Do P (x) I da thirc bac n nén p™ (x) - 0.

Khide: f"(x) =0 & -2 In"*2= 0 & 2* = 0, v6 nghiém thyc.

Khi d6 theo dinh 1y Rolle c6 khong qua n + 1 nghiém thyc.
Cach 2: ‘
Chirng minh bang phuong phap quy nap theo n = degP .

Khin =0 thi P(x)=C vaphuong trinh 2* =C hién nhién co khong qua 1 nghiém thuc.
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Gia su khang dinh dang véi cac da thirc bac n —1. Ta xét da thuc tly y voi degP =n va ham so

f(x)=2"-P(x).Khidé: f'(x)=2"In2-P’(x) = |n2[2* MJ

In2

P’ (x

v P
In2

nghiém. Khi d6 theo dinh 1y Rolle thi phwong trinh f (x) =0 c6 khdng qua n + 1 nghiém.

ld da thirc bdc n —1 nén theo gia thiét quy nap thi phwong trinh f'(x) =0 c6 khdong qua n

7. Tam thac bac hai P (X) v6i hé sb thuc sao cho phwong trinh P (X) =X khong cé nghiém thuc. Chirng
minh rang phuong trinh P (P (X)) = X ciing khong c6 nghiém thuc.
Giai
Néu ton tai hai s6 a,b sao cho P(a)<a;P(b)>b. Ham Q(x) =P (x)-x s& nhan hai gia trj trai déu :
Q(a)<0:Q(b)>0.Suyra: P(x)=x véi x nio do. iéu nay tréi véi gia thiét. Nhu viy chi cé hodic
P(x) > X,VX e R hoac P(x) <X,Vx e R.
Khi d6 : hoac 1a P(P(x)) > P(x) > X hoac la P(P(x)) < P(x) <X.
8. (Rumania 1966). Tim tit ca cac da thuc R (X) bac bé hon 4 ma v6i moi da thirc Ay ton tai da thirc P (X)
thoa man dong nhét thic :
7sin®t +8sin®t —5sin’tcos*t —10sin’t + 5sin°t — 2
=P (sint)[sin“t —~ (1+ sint)(coszt —~ 2)} + R(sint),t eR.
Giai
Thay cos’t =1-sin’t va sint =x. Khi @6 R(x) c6 bac b¢ hon 4 1a s6 du trong phép chia da thirc
S(x):7x31+8x13—5x9 -2 cho da  thuc Q(x):x4+x3 +x2+x +1(vi  ding  thuc
S (x) =P (X)Q (x) + R(x) thoa mén véi moi X € [—1;1]).
Vi (x =1)Q(x) =x* -1 nén tén tai bén gia tri khac nhau cita bién x thoa man diéu kién Q (x) = 0. Véi
moi gia tri nay ta co dang thirc x° =1 va
6 2
R(x) =S (x) =7x% +8x" —bx? -2 = 7(x5) X + 8(x5) x® —Bx°x* -2
= 7x + 8x° — 5x* —2+5Q(x) (Q(x) =0 V6i4 gia tri cia X ).
=13x° +5x* +12x + 3.
Nhu vy, da thic R(x) va da thitc 13x° +5x* +12x +3 6 bac khong vuot qui 3 ma nhan gid tri bing
nhau tai 4 gia tri khac nhau nén ching phai trung nhau.
Két lun : R(x) =13x3 +5x? +12x + 3.
9. (Rumania 1962. Chirng minh ring véi moi gid tri neN vd o e R thoa min cac diéu kién
n=1lsina=0, da thac P (x) =x"sina —x sinna +sin(n —1)a chia hét cho da thac

Q(x):x2 —2XCcosa +1.
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Ky hiéu x_ =cosa +igsina véi ¢ e {—1;1}.
Khi d6 da thirc Q (x) duge biéu dién duéi dang :

Q(x) =(x —cosa —isina)(x —cosa +isina)=(x —x, )(x -x_,).
Do ds: P (x, ) =(cosna +izsin noz)n sinna — (cosa + ¢isinz)sinna +sin(n -1)a

= sin(l—n)a +sin(n —1)a =0.
Nhu vay theo dinh 1y Bézout da thic P (x) chia hét cho mdi da thitc X —x, ; X —X_,
(hai da thirc ndy khéc nhau vi sina = 0) nghia 1a chia hét cho Q (x) .
10.( Problem 2, VMS 2012). Cho P (x) 1a da thirc bac n > 1 véi hé sb thyc va da thic Q (x) cho boi
Q (x) = (2012x2 + 1)P (X)P’(x) +2012x [Pz (x) +P* (x)}
Chirng minh réng : néu phuong trinh P (x) = 0 ¢6 ding n nghiém thyc phén biét trong E +ooj thi phuong
trinh Q (x) =0 c0 it nhat 2n —1 nghiém thuc phan biét.
Giai

-Tacs: Q(x) = 2012xP (x) + P (x)][%P" (x) + P (x) | =& [EIOOGXZP(X)J’ P (x)]

-Néub <c lahai khong diém lién tiép caa P (x) thi theo dinh 1y Rolle ham [elmxzp (x)} c6 mot khong

’

diém r nam giira b,c va [XP (X )} c6 khong diém r” nam giira b,c . Ta ching minh r = r”. That vay néu

r_r*tm:{ '(r)+2012p r()) 0

P(r)+P(r)=

Hé phuong trinh nay cho ta: P (r) = 0. Diéu nay vo ly.

- Vi vay néu C, <C, <...<c,_ lacéac khong diém lién tiép cua P (X) thi Q (X) c6 it nhat 2n — 2 khong diém
nam gitta khong diém nam giira c,vac, .

- Ngoai ra, giiia (0;c, ) c6 mot nghiém ciia [xP (x)}
Viy Q(x) c6 it nhét 2n —1 nghiém phan biét.

11. (Problem 6a, VMS 2012). Cho da thitc P (x) v6i hé s6 nguyén va a, 1a mot s6 nguyén cho trude. Vi

moi sé nguyén duong k , dat a, =P (ak ) Ching minh ring ton tai s m dé hoic ‘am‘ < ‘aml‘ < ... hoac
a_,a_ ... ladayso tuan hoan voi chu kikhdng qua 2 (teca_=a_ ., =...).

-Néu P (X) 14 da thirc hing hodc bang +x +d thi d& thiy ding.
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- Bay gio, gia st P (x) |3 da thirc bac hai tré di hoidc da thire bac nhat hé s6 khac +1.

Khi d6 ton tai sb a > 0 sao cho ‘P (x)‘ > |x| vimoi x ma fx| > a.
- Néu day a,,a,,... khong bj chan thi chon m sao cho ja, | > o . Khi do:

<...

m+1

o <fa| <k

-Nguoc lais€c6 1<k <l d¢a =a.Neul=k+1thia =a _, =4 _,=..

Giasit | >k +2. Pith =a_, -3, . Khidoh , =P(a)-P(a_,) chiahétchoa —a_, =b_ . Nhuvay

b,|<b|<..vavib_ =b nénphaico b _|=b|=..=h_

Nhung b +b _, +..+b_ =a -a =0.

Do d6 day b,,b, ,,..., , phaidoidau, thclaco m déb =-b  .Suyraia_=a_ .

Liacdoa , =P (am) =P (amz) =a_,vavivaya ,h =a_ ..

12. (VMS 2008).Tén tai hay khong da thirc bac 2008 thoa min diéu kién P (k) =2 Véik e {o; 1 ...;2008} ?

Tai sao?
Gidi
Cach 1:
Véi mdi X = 0,1,2,... ét biéu thic Q (x) =C? +C! +C} +...+C}? +C} ™" +C.

Tir bidu thirc ndi trén ta xéc dinh dugc da thire P (x ) :=Q (x ), vi da thirc ny thoa mén yéu cau bai toan.

Cach 2:
Véimdi k = 0;1:2:... dit e, = X(X _1)---(X —(k —1))(X —(k +1))...(x —2008).

‘ (k—o)(k—1)...(k—(k—1))...(k—2007)

2008
D& dang chirng minh da thic P (x) = Y 2w, (x ) thoa mén yéu cau bai toan.
4 k
=0

13. (VMS 2009). Ung véi mdi da thirc P (x ) véi h¢ s thuc va ¢o nhiéu hon mot nghiém, goi d (P) fa

khoang cach nho nhit giira hai nghiém thyc bat ki cua né. Gia sir cac da thic v6i hé sb thuc P (X) va

P (X) + P'(X) déu c6 bac k > 1 vacd k nghiém thyc phan biét. Ching minh rang: d (P + P') >d (P )
Giai

Goi nghiém cua P (X) la x,,X,,...,X, sao cho x, <x, <... <X, . Tachtng minh bang phuong phép phan

ching. Gia str d (P + P') =pf-a<d (P) trong d6 a, B 1a hai nghiém gan nhau nhit trong sb cac nghiém

cia P (x)+P’(x).Khidé a, 8 khong la nghi¢m cita P (x) nén P'(e) =-1 P'(p)

Pla)  P(A)

(1)
bat P (x) =a, (x —xl)(x —xz)...(x _Xk—l)(x —xk).
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P'(x) g 1
P (X) - i=1 X —

D& dang thiy rang:

Suy ra:

xj'
P’(x

P (x)

S

la ham s6 nghich bién trén timg khoang x4c dinh cua no.

Két hop v6i (1) suy ra ton tai duy nhét j; sao cho x, & (e, B). Khido x,,, —x, > B —a Véimoi

i e {1;2;...;n} hay & —x, > B —x. . D& dang kiém tra duoc (a —xi)(ﬁ —xm) >0 va do do

. véimoi i € {L...;.k -1} VA @ —x, <0< B —x,. Nhu vy ta c6:
a=X  B-x,
P'la) «t S
-1= (): t 1 <Y t 1 =—-1,vo ly.
P(a) Ha-x, a-x TB-X B-x

14. (VMS 2007). Chimg minh ring néu tam thirc bac hai f (X) =ax’ +bx +c, (a,b,C € R) c6 nghiém thi it

nhit mot nguyén ham cia no la da thirc bac ba c6 cac nghiém déu thue.
Giai

- Néu f (X) c6 nghiém kép, thi f (X) = (X - X, )2. Dé dang chon dugc nguyén ham dang:

F(x)=5(x-x,)"

- Néu f (X) €0 2 nghiém phan bi¢t f (x) = (x —xl)(x —xz) trong d6 X, <X, .

Ky hiu F, (x) = %xs + %bxz +cx lada thirc bac ba. Vi F/(x ) = 0 tai hai gid trj phan bigt x,,X, nén

F, (X) c6 mot diém cuc dai va mot diém cuc tiéu. Goi m,M lan luot 14 gid tri cuc tiéu, cuc dai cua F, (X)

Khi d6 véi bat ki ¢ e (m,M) thi ham sé F (x) = F, (x) —¢ c¢6 ba nghiém
15. (imomath.com). Tim tat ca cac da thirc P thoa man:
1 1
P?(x)+ PZ[;j e (xz)P[X—ZJ.
Giai
Bé dé: Ton tai mot da thie Q sao cho P (x) o) (xz) hoic P (x) =xQ (xz).

Dbi v6i truong hop thir nhat ta co: Q2 (Xz) +Q (izj =Q (x“)Q [%j , do do:
X X

Q? (x) +Q [EJ -Q (x2 )Q (izj ( d6 chinh 1a mbi quan hé dugc thyuc hién boi P )
X X

D4i véi trudng thir hai ta c6: xQ7 (x ) + 1g (EJ -Q (x“)Q (%}

X X X
(khdng thé xay ra vi vé trai 1a da thirc bac 1¢, cOn vé phai 1a da thirc bac chin)
Khi do6: P (X) =Q (XZ) . Bén day d& dang suy ra duoc ring P (x) =C,Vx e R.
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16.(imomath.com). Co0 ton tai hay khong mét da thire phi tuyén P va Q thoa:

P (Q (x)) = (x —l)(x —2)....(x —15)?
Giai
Gia str rang c6 ton tai hai da thoc nhu vdy. Thé thi degP.degQ =15, vi viy degP =k e {3;5}. bat
P (x) :c(x —al)(x —az)...(x —ak).
Khi do: P (Q (x)) =C(Q (x)—al)(Q(x)—az)...(Q (x)—ak) = (x —l)(x —2)...(x —15).

Nhu vay cac nghiém cuia da thie Q (X) —a, la phan bi¢t va bao gom tap {1; 2, 15} .

Tat ca cac da thic chi khac nhau ¢ hé s6 tu do. By gio ta khao sat tinh chin 1¢ cta cac hé sb con lai ( ba
hodc ndm). Ta két luan ring mdi da thirc trong sé d6 c6 nhiéu nghiém 1¢ bang nhau. Didu nay la khong thé vi
tong s6 nghiém 1¢ 1a 8, khong chia hét chia hét cho 3 hoic 5.

17. (imomath.com). Xac dinh tt ca cac da thac P ma

Pz(x)—Z:ZP(ZXZ—l) VX e R.

Ky hiéu P(l)za.Tacé: a’?—2a-2=0.Thay P(x) ( ) (x) vao didu kién ban dau va thu gon ta
duoc: (x —1)P12 (x)+2aP1(x):4(x +1)P1(2x2 - )
Cho x =1 (Véi a # 4) ta dugc: P1(1)=1, nghia 1a P ( ) (x —1)P (x)

)
Vithé P (x) = (x —1)2 P,(x)+a. Giasirring P (x)=(x -1)'Q(x) +a , Q(1) % 0
Thay vao diéu kién ban dau va rat gon ta thu duogc:
(x-1)'Q*(x) +2aQ (x) =2(2x +2)° Q(zx2 —1).
Bén day ta tim duge Q (1) = 0 la diéu mau thuén. Do do: P (x) =a.
18.(imomath.com). Xac dinh tat ca cac da thic P ma P?(x)-1=4P (x2 _4x - 1).
Giai
Giasit P (x) khong phai 12 ham hing. Pat degP :El va so sanh hé s6 & hai vé cua phwong trinh dé cho,

ta suy ra ring cac hé s6 cua da thac P(x) phai hiru ti. Mat khac cho X =a Vvéi

5++/21
2

a=a’-4da+loa=

, ta duoc:

P(a)=b véib’ —4-1=0eb=2x5.

Tuy nhién, diéu ndy khdng thoa mén vi P (a) phai c6 dang: p +q\/£ v6i p,q € Q cho cac hé sb cua P 1a
hitu ti. Do do: ti. Do d6: P (x) =C .

19.(imomath.com). C6 ton tai hay khong mot gid trj thuc cia @ ma ton tai mot phan thirc hiru ti f (X) thoa

man f(xz)zfz(x)—a?
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2 : P .. : N 5 . os .
Viet f duodidang f = 6 véi P,Q la hai da thitc nguyén to cung nhau va Q 1a da thuc monic. Bang cach so

sanh hé sb tasuy ra: P ciing 1a da thirc monic.

PE) P L
Q) Q'(x)

nguoc lai thi ching c6 udc chung 13 0) din dén Q (XZ) =Q°* (X)

Diéu kién cua bai toan tré thanh:

(xz) va Q(xz) nguyén t cting nhau ( néu

Do d6 Q(x) =x",vn e N. Bay gid ta cé: P(xz) =P?(x)-ax™.

Dit P(x)=a0+alx+...+am71xm’1+amxm. So sanh cac hé sbé cua Pz(x) va P(xz) ta dugc:

a N
anflz"':aZm—nJrl:O’a =_aa:"':am—IZO\/aaOZ:‘“

Diéu ndy chico thé xayrandua =2 va2m-n =0 hoica =0.

20.(imomath.com). Tim tit ca cac bd bdn da thirc (Pl, P,P, P4) sa0 cho véi bat ki 6 ty nhién x,y,z,t nao

thoa man xy —zt =1, chimg t6 réng: P, (x )P, (y ) - P, ()P, (t).
RG rang P, (x )P, (y) =P, (x)P,(y), ¥x.y eN.
P, (x)

P.(x)
Tuong tw: P, =dP, véi d 1a hing sb bat ki.

Bay gio ta co: cPl(x)P1 (y)—dP3 (z)P3 (t) =1, Vx,y,z,t e N vaxy —zt =1.

Piéu nay c6 nghia 1a

doc lap véi x . Do do P, =cP, véi ¢ lahing sb bat ki.

Hon nia, ta thdy ring P, (X)P1 (y) chi phy thudc vao xy , chiang han f (x) =P, (X)P1 (Ej la gidng nhau cho tét
X

ca cac woc nguyén duong X cua sb tu nhién n. Tu f (X) la mot phan thirc hitu ti va s§ cac udc x caa n cd thé

I6n thy y. Do d6 f 1a khong ddi trong x . D& dang c6 duogc diéu nay khi va chi khi P, (X) =x",P, (X) =x",v¥m,n

va c(xy)n —d (zt)m =1.

Dodé: m=nvac=d=1.Cubicing m=n=1.Vay P,(x) =P, (x) =P, (x) =P, (x) =x.

21.(imomath.com). (IMO 2004). Tim tit ca c4c da thic P (x) voi hé sb thuc théa man:

P(a—b)+P(b—c)+P(c—a)=2P (a +b +c), Va,b,c € R sao cho ab +bc +ca =0.
bat P (x) =a,+ax+ ...+anxn .Voimdi x e R, bo ba (a;b;c) = (6x;3x;—2x) théa man diéu kién:
ab +bc +ca = 0. Céc diéu kign cia P chota P (3x)+P (5x )+ P (-8x ) = 2P (7x),vx € R. Diéu d6 c6 ngu y

rang cho tat ca i = 0,1,2,...,n ta c6 dugc nhitng ding thirc sau: (3i +5 + (—8)i - 2.7ijai =0.
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Gid sirrang a, = 0. Thé thi K (i) =3 +5 +(—8)' ~2.7' = 0. Nhung K (i) < 0 véi moi i & va K (i) >0 voi

Moi i =0 hogc i > 6 chin. Chico i {24} chota K (i)=0.
Do d6: P (x) =ax* +a,x* vdi a,,a, 1a cac sb thuc. Thir lai thiy cac da thirc xéc dinh nhu viy luon thoa man yéu
cau bai toan. ‘ ,
22.(imomath.com). Chirng minh rang: néu cac da thirc P va Q c6 mdt nghiém thuc
va P (l+x +Q2(x)) :Q(l+x + Pz(x)) thi P =Q.
Giai
Luu Y ring ton tai X =a ma P2 (a) =Q? (a) :
Diéu ndy suy ra tir thuc thé rang: néu p,q twong tng 1a nghiém cia P,Q thi
P*(p)-Q°(p) <0<P?(q)-Q*(q) va hon thé nita P* ~Q* a lién tuc.
Bay gio P (b) =Q (b) voib=1+a+P? (a) . LAy mot s6 thyc 16n nhit maP (a) =Q (a) , dAn dén mot diéu mau
thuan ngay lap tuec.
23. (Putnam 1940). Hay tim tat ca cac bo ba sb hitu ti (a;b;c) l& nhirng nghiém ctia phuong trinh:
x® +ax® +bx +c =0.
Giai
Theo dinh Iy Viétetacé: a+b+c=-a ;bc+ca+ab=Db ;abc =-—c.
-Néuc =0 thi 2a +b = 0;ab =b . Ta thu duoc hai cgp (0;0;0),(L-20).
- Néu ¢ # 0 thi ta xét hai truong hop sau:
+V6ia+b =0 ,tathu dugc hé phuong trinh: ¢ = —a;ad =b;ab = -1,
Bang cach giai hé phuong trinh ta thu dugc nghiém (1; -1 —1) .

+Voia+b #0,taloaitrir b va c dan dén phuong trinh: 2a® +2a® —1 = 0 khdng cé nghiém hitu ti.
Suy ra nghiém ctia bai toan gom: (0; 0; 0) , (1; -2 0), (1; -1 —1).
24. (Putnam 1963). Hay tim sb nguyén a sao cho da thirc x** +x + 90 chia hét cho x* —x +a.
Giai
Tathiy x® +x + 90 = (x2 —X +a)Q(x), aeZva Q(x) [a mot da thue.
Khi d6 nhitng hé s cua P (X) la nhirng hé s6 nguyén. Néu gia str a < 0 ta s& nhin dugc x? —X +a va

x® +x +90 cd nghiém khong am ( theo cach dit & trén). Trong cing lic d6 x** +x + 90 hién nhién khéng
c6 nhu vay. Suyraa > 0. q
Bang cach dat nhu trong cach dat o trénsuy ra: x = -1,x =0, x =1, ta nhan dugc nhirng dang thirc:

(a+2)Q(-1)=88,aQ(0) =90 ,aQ(1)=92.
T hai dang thie sau cing tasuy ra: 2:a. Do dé a =1 hodc a = 2.

Nhung néu a = 1 thi tir ddng thirc thi nhit: 88 chia hét cho 3, diéu ndy khéng thé dugc. Chi cOn mot trudng
hop a = 2.

That vay x™ +x +90 = (x2 —X +2)(x11 X =x® =3 —=x" +5x® + 7x® = 3x* —7x® —11x* + 23x + 45)
25. (Putnam 1985). Cho k 1 s6 nguyén duong nho nhit voi tinh chét sau: ton tai nhirng s6 nguyén khéc
nhau m ,m_,m_,m,,m_ sao cho gia tri nho nhét nay dat duoc.
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Giai
Cho P (x) =x®* +ax* +bx® +cx? +dx +e. Vinhiing s6 m,,m,,m,,m,,m, la khac nhau nén nhiing hé sé d

va e khdng thé bing 0.
, 5 5
b 2 _ _ 2 _ 2
Ngoaira a* = (m1 +m,+m, +m, +m5) =y m +22mimj =>m’+2a
t=1 i<j t=1

5 2 1 )
hay > m? =a”-2v. Suyraa,b khdng thé dong thoi bang 0.

t=1
Nhu vy déa chirng minh k > 3 (nhitng h¢ s6 khac 0 1a: 1 trude x°, mot trong nhirng hé s a va b , mot
trong cac hé s6 ¢ va d).

Néum, =-5,m, =-1,m, =0,m, =1, m_ =2 ta nhan dugc:

5
P(x):x(xz—l)(xz—4):x5—5x3+4x

nghia 1a v&i nhitng gia trindytacd k = 3.
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